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Let {r,i}, i, i : I, 2, ..., be i.i.d. random variables and for each n let

M , :  ( l l n )  W " W f , ,  w h e r e  W n :  ( ,  u ) ,  i : 1 , 2 ,  . . . ,  p ;  i  : 1 , 2 ,  . . . ,  n ;  p :  p ( n ) ,  a n d
pln -* y > 0 as n -+ co. The weak behavior of the largest eigenvalue ol M , is studied.
The primary aim of the paper is to show that the largest eigenvalue converges
in probability to a nonrandom quantity if and only if E(wrt ) : Q and

naPl larr l> n):  o(1),  the l imi t  being (1 + , /  y) 'E(r1).  o tssq Academic Press,  Inc.

1. INrnopucrloN

Let {*, i}, i ,  j :1,2, ..., be i. i .d. random variables and for each n let

M , :  t i t r |W,W: ,  where  W, :  ( * , ) ,  i : 1 ,2 ,  . . . ,  p ;  i : 1 ,2 , ,  . . . ,  n i  p  -  p (n ) ,

and p ln+y>0 as n+6.  The matr ix  Mncan be v iewed as the sample

covariance matrix of r? samples of a p-dtmensional vector containing i.i.d.

components, where p and n &re large but on the same order of magnitude.
Denote the largest eigenvalue of M, by ,t-"*( M,). In [3] it is proven that
i f  E ( * 1 ) < o o  a n d  E ( r , , ) : 0  t h e n  I ^ * ( M n ) - - " ' ( 1 + , / y ) ' E ( * 1 )  a s
n -+ @, while in [ 1 ] it is shown that lim supn l^u*(M) : .c almost surely

if E(wf ,) : .o. Thus the almost sure behavior of l^^*(M) is essentially

understood. The aim of this paper is to establish its weak limiting behavior.

We will prove the following

TueonBu. We haue
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(b) f f  l im SUp,,  noP(lr t t l  7 n) > 0,  then fo,  any K > 0
l im sup, P(A^^*(M ")  > K) > 0.

(c) If l im SUp,, noP|r,rl ) n) : @, then .fo, any K > 0
l im sup, P(I^^*(M,)2 K) -  1.

(d )  I fE (wr , ) : 0  and l imsup ,  noP( l r , r l  ) n )  <  co , then {A^^* (M" ) } f : t
is bounded in probability.

Thus convergence in probability holds only under a slight weakening of
the condition needed for almost sure convergence. For case (d) we remark
here that, due tc the known limiting behavior of the empirical distribution
function of the eigenvalues of M, l2l, we have l im inf, A^u*(M ,) 7
( 1 + ",,5f E@?) almost surely, implying any limiting distribution of a
weakiy tonu.tging subsequence of {A^^*(M, ) } f: , must have mass in

t ( 1 + ,/ yY E(*1), .o ). Other than that, no additional information is
known, for example, whether L^u*(M ,) converges in distribution or how
the distribution of any weakly convergent subsequence of {2,,,u*(M) }f:t
depends on lr r .

The proof of the theorem will be given in the next section. It relies on
part of the proof of the main theorem in [3], as well as the fact that
A^u*(M,) is bounded below by each diagonal element of M,.

2. Pnoor oF rHE TunonrPt

Assume E( r , , ) : 0  and  noP( l r , , l  2n ) -o (1  ) .  W i thou t  l oss  g f  genera l i t y

we may assume E(*1) :  1 .  I t  then fo l lows that  n 'P( lw, , l  2er f  n)  -  o (1)  for

every e >0. From this it is straightforward to construct a sequence {d,}f:t
o f p o s i t i v e n u m b e r s s u c h t h a t 6 , - + 0 , 6 , , I o g n - - } @ , a n d n , P ( | w . ' | >
6 , r /n )  -0  asn -+cc .

Let f i ,,:f i i@) -*,i^I(l,r,4t < 6^,fft^(1, being the indicator function on the

set A), and define U,,-- ( l ln\ W,W:, where fI/, is p x n with (i, i)th
element ilu. Then

P( I ^^ * (M, ) *  1^u* ( l ; [ )  ) (npP( l r ,  t l >  6 " t / n )  -0  as  n  -+  @.  (2 .1 )

Let fi ,,: fr u(n) : fr u- E( fr ,),and defi ne frf n - Qlfi f i/,trV;,wttere Y, r,
p xn wiitr (i, i)th element ,1u. Let l lBll denote the spectral norm of any
matrix.B (that is, l lBll : S"!!-1AAr)), and let 1- denote the m-dimensional
vector consisting of 1's. Then

1

l1'J?-6[,)- r'J:*(fu,,)l <+ lE(]t,,)l l l lol'nll: '[p lE(la ,,)1.
J n
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Since E(u, , , )  :0,  E(wl , ) :  1,  we have
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(2.2)

lE(r0r, ) l  :  lE(wrr I  r ,rrt  >- 6,uG))l  < P t ' '  ( l* rr l  2 5,r,G).

a s  n +  @ .

Therefore,

lA'J:-(tr ) - A'�J\-Qrt" ) | * o

From (2.1) and (2.2) we see that

A^u*(Mn) - 1*u*( frt,) 
i 'P', 

0 as n + @.

At this point the same arguments in Section 4 of [3] can be applied to
l^u*(fu,), since the assumptions needed on fii,, are identical. Therefore, we
have

i^u*(M n) 
u' ' ' ,  (1 + ., /  yY a s  n + @ ,

and the sufficiency part of (a) is proven.
S u p p o s e  n o P ( l r r r l 2 n ) - o ( 1 )  b u t  E ( w r ) : a * 0 .  T h e n  t h e  m a t r i x

Mn = Ol")(W,- le1;)(  W,- lo lT) '  sat isf ies the condit ions of  (a).
Moreover. we have

1X1^(u,,- ll < A';\-w').

However, ll(11.,f,) alrl Ill : ,frtot. Therefore, tr^^*(M n)lpo' --rip 1 as
n - ,  @. This ver i f ies the necessi ty of  E(w,r) :0 in (a).

Assume now l im sup, noP|w,r l  7n) >0. For any K>0 we have

"t,t : l l

- 1 - (' - " (; ,t,"i, *))' , (2 .3)

where wt, , i l2, . . .  are i . i .d.  having the same distr ibut ion as 'urr .We need then
to investigate the l imiting behavior of nP((Ur) |, i :  , *] 7 K). Since
E(*1) : 1 we have nP(wlr>- nK) - o(1) (we remark here the need for the
second moment of w' to be frnite. If E(wi) were infinite, then from the
strong law of large numbers applied to (l ln) >; : , ,?, we would have
tr^^^(M) * "'' ' oo as n --, @ ). We have

1
r

J n

P(l^^*(M,)> K)> r (-u -:  
, t ,* 'u, 

*)
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'(; ,\,*j,4
"* (V(*j >r*r)

2 np(w112 nK) -ryp'(* ' r r2 nK)rXrWlr2 nK) (2.4)

for n sufficiently large.
I t  is a s imple matter to show l im sup, '  , ' \ (n lrTnK)>0, and i f

l im sup, noP(lw,r  |  2 n) -  cc,  then l im sup, n2P1wlr2 nK):  cc.  Therefore,

from (2.3) and (2.4) we get l im suP, P(A*^*(M")> K) > 0 for any posit ive

K which ver i f ies  (b)  and the necess i ty  o f  noP( l r ' l  7n) -o(1)  in  (a) .

Moreover ,  we get  l im SUp,  P(A^^*(M,)> K) :1  i f  l im suP,  noP( lw, , l  2n)
- oc, proving (c).

Final ly,  assume l im sup, noP|rr , l  7n) < oo. Def ine f f , , , ,  Wn, Mn, f r , , ,

fr,, [,In as above__but with 6n:1 for each n. We immediately get (2.2),

s ince nP( |  w r ]2 , /  , )  -  o(1).  We have

lt'J:^(M ") - A'J:.(u,)l

- fv,ll - l 'J:.(!rrr"- Ii/,)(w,- fu,f)

- fr,,)(w,-

Therefore, for any K > 0 we get from Chebyshev's inequality

P( | li l1.( M ̂ ) - A'�Jl-W,)l > K)

_ E( I  f  : ,2 ; : ,  *? i I  r *1 ,> , )
< (2.s)

any randomUsing integration by parts, it is straightforward to show for

variable X and m> |

*+ ttw,
J n

< f1 ft(w.
\ /?

\  1 /2

,v;')

pB(w2rr I 61,> ,t)

K 2

nm- tE( l x l  Iu * r r , r )  (  +  sup  x*P( l x l>  x ) .
m  -  r  x e [ r r , c c )

Therefore, with m:2 we conclude from (2.2) and (2.5) that

{1I1"^W ) - A',11.6t) } f:,

is bounded in probability.

(2 .6 )
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Now, the main part of the proof in t3] of showing tr^u*(fu) --ras'
(1 + 6f for an appropriately chosen sequence {d,}[, involves proving
fo r  any z>(L+r f r ) ' ,

i n ((^^"-lfri "l)") < .o
n : r  \ \  z  )  /

for appropriately chosen {k"}f: r.Of course, (2.7 ) implies

(2.7)

P(l^^*(t[)> z infinitely often):0.

However, if 5n:1 and kn: l lognl (where [x] is the integer part of x),
then the same arguments in t3] can be used to show (2.7) for all z suf-
ficiently large. Therefore, for some z ) 0, lim sup, A^^*(M,) ( z almost
surely. This together with (2.6) being bounded in probability give us (d).
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