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EIGENVALUES AND EIGENVECTORS OF LARGE
DIMENSIONAL SMPLE COVARIANCE MATRICES

Jack  t ^J .  S i l ve rs te in *

ABSTRACT.  L imi t  theorems wi ' l ' l  be  rev iewed on the e igenva lues o f  a  c lassof sample covar iance matr ices where the number oi  v. i ior- iJrpf .r  andthe vector dimension are on the same order of  magnitude. i i te main re-su ' l t  s ta tes  tha t  t he  emp i r i ca ' l  d i s t r i bu t i on  fun i l t on  o i  t he . i g .nvu luesconverges a' lmost surely to a nonrandom distr ibut ion tunci . iJn,  ur thed imens ion .approaches ih t in i ty ,  The author  w l i i  then pr . ien l ' r ' i t  re -su l ts  in .descr ib ing t l , .  behav ior  o f  the e igenvec ior r  o f  these matr ices.The resul ts suggest s imi. lar l ty between the-measure on the apfropr iateorthogonal group induced by the matr ix of  eigenvectors and Haar measure.

I .  INTRODUCTION

A sample covar iance matr ix  is  a  random matr ix  whose ent r ies  cons is t  o f
sample var iances and covar iances of the components of  a random vector I. When
these components are known to have 0 mean the matrix takes on theT
( l / s ) V V ' ,  w h e r e  V  i s  n  x  s  a n d  i t s  c o l u m n s  f o r m  a n  i . i . d .  s a m p l e

form

of the
n-dimensional vector L.  These matr ices are fundamenta' l  to mult ivar iate sta-
t is t ics ,  the e igenva lues (a l l  rea1,  nonnegat ive)  and e igenvectors  ( forming an
or thonorma' l  se t )  be ing used,  for  example,  in  pr inc ipa l  component  ana lys is ,  and
hypothesis test ing. Any knowledge of the spectral  behavior is crucial  to
present  app l ica t ions '  and a t  the same t ime would  suggest  new approaches to
stat i  st i  ca' l  probl  ems.

Except  for  the Wishar t  case where L  is  mul t ivar ia te  norma' l ,  most  o f  the
analys is  done on sample covar iance matr ices has been on large samples,  keep ing
n f ixed and 

' le t t ing  
s  - r  o .  The fo l lowing is  a  rev iew of  resu. l ts  when the

components  o f  L  are  themse ' lves i . i .d . .  They are  l imi t  theoremsr  prov id ing
informat ' ion about the behavior of  the eigenvalues and eigenvectors when n and

are both large and on the same order of  magnitude. The theorems pertain to
sequence {Mn};=l  of  matr ices def ined as fol lows:
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F o r e a c h  n  l e t  V n  b e  n x s  c o n s i s t { n g o f  l . l . d . m e a n  0  v a r i a n c e ' l

random var iab les  u . i j  w i th  d is t r ibut ion conmon for  a ' l l  n .  Assume s  =  s(n)

w i th  s /n  *  y  ,  0  a i  n  ' |  @.  Le t  Mn  =  ( l / s )VnVI .

The next sect ion reviews the maior resu' l ts on the eigenvalues of  Mn for

n  1arge.  The th j rd  sect ion out l ines the work  o f  the author  in  descr ib ing the

behavior of  the eigenvectors of  Mn.

2.  EIGENVALUES

The main  resu l t  on the e igenva lues o f  Mn s ta tes  that  the empi r jca l  d is -

t r i bu t i on  func t i on  o f  t he  e igenva lues  o f  Fn  ( tha t  i s ,  f o r  eve ry  X r  Fn (x )  =
1

*  -  (numbers  o f  e igenva lues o f  Mn .  x ) )  converges to  a  nonrandom l imi t .  We

have

THEoREM 1 .  (  [ 5 ] ,  [ 8 ]  ,  t 16 l  )

E ( | vl ., I 
'*o 

) . -, then for every x

o < y < 1 ,

r r (x)  =  f r (x)

I f  there  ex is ts  a  6  >  0  such that
as

€ l R , F n ( x )  +  F r ( x )  a s  n + c o , w h e r e f o r

f # /  
i r  0 - 6 ) z < x < ( 1 + 5 1 2 ,

= {

[  
,  o the rw ise

a n d f o r  l . y ( @ r

Fr(x) = (r  -  | l r t6l- l  .  I ; . ,  _fr)zry(t)dt.

This resul t  forms a corntnon intersect ion of  the three references ci ted'

each one cons ider ing a  d i f fe rent  c ' lass  o f  mat r ices.  0n1y t l6 l  dea ls  spec i f i -

ca ' l1y  wi th  sample covar jance matr ices,  the random vector  I  hav ing independent

bu t  no t  necessa r i l y  i den t i ca l l y  d i s t r i bu ted  componen ts .  Th i s  paper  es tab l i shes

the a .s .  convergence under  the spec i f ied  moment  cond i t ion on u l . l .

The other two papers,  mot ivated from topics outside of  mu1t ivar iate

stat ' is t i  cs ,  a ' l  I  ow the col  umns of Vn to vary i  n di  str i  but i  on. In t8l  the

matr ices are formed as an analogue of the operator def ined by the one-dimen-

s iona l  Schroed inger  equat ion wi th  random potent ia ' l .  In  ts l  they ar ise  f rom a

neural  network mode' l  for  the generat ion of  neural  connect ions of  a hypothe-

t ica ' l  o rgan ism at  b i r th .  The techn iques used in  ts l  and t l6 l  (and in  much o f

the work on Mn) invo' lve the study of  the l imit ing behavior of  t t r  t ' l r l i=1

which,  d iv ided by n ,  are  the moments  o f  Fn.  Moments  were not  used in  [8 ] '

but rather the St ie ' l t ies t ransform of Fn, which is shown to converge in

probabi ' l  
i  ty to the so1 uti on of a certai n i ntegral equati on.

Other  work  on the e igenva lues o f  Mn wi l l  be  rev iewed br ie f ly .
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. I n [ 3 ] , t 1 5 ] i t w a s s h o w n t h a t i f t h e r e e x i s t s a 6 > � � � � � � � � �
111v f i 6 l )  (  o  (o r  e  ( l v t . ,  l o *u )  .  - )  t hen  the  l a rges t  e igenva tue  o f  Mn  con -
v e r g e s  a ' l m o s t  s u r e ' l y  ( a . s . )  o r  i n  p r o b a b i l i t y  ( i . p . )  t o  ( ' l  +  0 ) 2 .  I n  t l 4 l
t he  a .s .  conve rgence  o f  t he  sma i ]es t  e igenva rue  to  ( t  -  g )z  fo r  y  <  I  i s
es tab l i shed  i n  the  l ^ l i sha r t  case  ( v t t  =  N(0 , ' l  ) ) .

Cent ra ' l  l im i t  theorems have been proven (under  var ious add i t iona l  assump-
t i ons )  f o r  t he  s tandard i zed  sums  o f  powers  o f  t he  e igenva lues  ( t l l ,  t 6 l )  as
we ] l  as  fo r  t he  s tandard i zed  l og  o f  t he  de te rm jnan t  ( t 4 l  ,  t 6 l ) .

The las t  resu l t  to  be nrent ioned concerns the e igenva lues (a1 ' l  rea l ,  non-
negat ive) of  the central  mult ivar iate F matr ix,  formed from two independent
| ,^ l i  shart  matr i  ces .  Let tMl)  denote matr i  ces wi th ul  . l  = N (0 , l  )  and * 

*  u
a s  n ' ' @ .  I n  [ . | 2 ] '  [ ] 3 1  ,  [ 1 7 ] ,  t ] 8 l  t h e  f o ] ' l o w i n g  i s  s h o w n .

For  q ,  q '  independent  y
func t i on  o f  t he  e igenva lues  o f  4 f  q ' 1 - t  conve rges  a .s .  t o  , r , y r  ,  where  fo r
0  <  y  1 1 ,

Fj,r,(x) = tt :J

/rx+-ilfT i f  b l  <  x  <  b 2 ,

o therw i  se ,
where

b r = ( ]

a n d  f o r  y  > ' l  ,

Fr , r , ( x )  =  ( r  _  
| 1 , [ 0 ,_ )  _  

I :  r r , r , ( t ) a t .
, J

3.  EIGENVECTORS

Let  OnAnOJ be the spect ra l  decomposi t ion o f  Mn wi th  the e igenva lues
of  Mn ar ranged in  nondecreas ing order  a long the d iagonal  o f  An.  The e igen-
vectors are then the col  umns of 0n and 0n € 0n, the n x n orthogonal
group ( tn is  decomposl t ion can a lways be const ruc ted on a  probabi l i ty  space wi th
0n an On-va lued random matr ix ) .  There is  on ' ly  one case where the e igenvectors
o f  Mn  a re  comp le te l y  unders tood ,  name ly ,  t he  case  when  u l l  i s  N (0 r l ) .
Then i t  i s  we l l  known that  0n is  Haar  d is t r ibuted on 0n.  From th is  fac t
the con iec ture  was ra ised in  [9 ] ,  t ' l0 l  that  0n for  genera l  u . l l  i s  "c lose ' ,

to  be ing Haar  d is t r ibuted for  n  la rge,  or  equ iva lent ly  the rneasure 0n in_
duces on 0n approaches Haar measure in some sense as n + @.

Since i t  i s  d i f f i cu ] t  to  make s ta tements  about  measures def ined on d i f -
ferent spaces, mappings were considered from the orthogonal groups {0n} onto
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a cornmon space, inducing a sequence of measures on the space. The l imit ing be-

hav ior  o f  these measures should  be known for  v l l  =  N(0, . | ) .  The con iec ture

could then be formulated in terms of whether the same l imit ' ing behavior ho]ds

fo r  o the r  d i s t r l bu t i ons  on  u l l .

Cons ide r  t he  fo l ' l ow ing  mapp ings  i n to  D [0 , ]1 ,  t he  space  o f  r i gh t  con t i nu -

ous  func t i ons  w i th  l e f t -hand  l im i t s  (e .g . ,  12 ) ,  p .  109 )  on  [0 '1 ] :

C h o o s e  * l  .  n n ,  1 [ x n l l  =  ]  ( n o n r a n d o m )  ,  L e t  ( V 1 , 1 2 ,  . . . ,  Y n ) T  =  O I t n

a n d d e f i n e  X n € D [ O ' ' l  ]  a s

xn( t )  = (n/z)1/z(ji l , (y?-  * , )  ( t  I  = sreatest  in teser funct ion) .

These mappings are considered main' ly because they carry over much of the

unjformity of  Haar measure, they are a natura' l  extension of  mappings studied

ear l i e r  ( t 91 ,  t 10 l ) ,  and  because  the i r  l im i t i ng  behav io r  i s  known ,  name ly

a S  n ' ) c o^nL  r l o

where l^ |0 is Brownian br idge and D denotes weak convergence of random ele-

ments  in  D[g , ' l ]  ( tz l ) .  Th is  proper ty  fo l1ows f rom the fac t  that  when 0n is

Haar di  str i  buted, OI*n i  s uni  form' ly di  str i  buted on the uni  t  sphere i  n IRr ,

wh ich  i n  t u rn  can  be  rep resen ted  by  no rma ' l i z i ng  a  vec to r  o f  i . i . d .  N (o , . l )

random var iab les .  The bas ic  theory  o f  weak convergence in  D[0 ' ] l  can then

be app' l  i  ed.

Under  the  assumpt ion  E ( l v l . ,  lO*o )  .  -  ( ensu r ing  the  conve rgence  i . p .

o f  the la rgest  e igenva lue)  i t  fo l lows that  xn 5  t , l '  i s  equ iva lent  to

g t { = w | r t * )  a s  n + c o

on D[0,-)  (  t7]  )  where t^ l? (x) is Brownian br idge composed with Fr(x) (we
' y

remark that weak convergente on D[0,-)  is equivalent to weak convergence 0n

D[O,b]  (under  the natura l  pro iec t ion)  for  every  b  >  0)

I t  has been my goa l  to  see whether  xn(Fn(x) )  g  t {  ho lds  more genera l ly .

Resu l ts  cons is tent  w i th  th is  proper ty  ho ld ing,  an impor tant  necessary  cond i -

t ion ,  and a  par t la l  answer  have been determined,  and wi l ' l  be  g iven be low.

Previous work before consider ing Xr,  is summarized in

T H E S R E I ' 1  2 .  ( t 9 1  , [ ' 1 0 ] , t l 1 1 )  I f  a l l m o m e n t s o f  v l l  e x i s t , t h e n f o r

every
x " ( t )  a . s .

t € [ 0 , 1 ] ' H # 0  a s  n + @  f o r a n v { x n } w i t h  l l x n l l = l '

This  resu l t  i s  l i ke  a  Law of  Large Numbers .  I t  ind icates  to  some degree

X n ( F n ( x ) )
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the un i formi ty  o f  OI rn  over  the un i t  sphere in  Rn.
From the next  resu ' l t  we see that  a t  least  one add i t iona l  cond i t ion must

be  sa t i s f i ed  on  the  d i s t r i bu t i on  o f  v l l .
THE0REM 3  (  t ] 0 l )  t t  t he  max imum e igenva lue  o f  Mn  conve rges  i . p .  t o

, f )
( 1  +  0 ) '  and  i f  t n  5  t . l .  f o r  *n  =  ( . l , 0 ,0 , . . . , 0 )T ,  t hen  r { v f . ,  )  =  3 .

Therefore some fur ther  s imi ' lar i ty  of  the d ist r ibut ion of  u l  . l  to  N(0, . | )
i s  requ i red .

Theorem 2, provided r(uf f  )  = 3.
T H E 0 R E M 4  ( t l l l )  i i  u t u f . ,  I

f o r a n y  t * n )  w i t h  l l x n l l = 1 ,

The fol I owi ng theorem i s 
' l  
i  ke a Centra'l Li mi t

aga in  that  there  is  some invar iant  behav ior  o f  the

Theorem. I t  demonstrates
ei genvectors of Mn beyond

= 3 and a'l 
' l  

moments of ul . l  exi s t, then

ear ' l i e r .  Essen t i a l ' l y ,

o f  nongauss i  an u l . l  ' t  ,  but

( * )  { [  r . , (x )dXn(Fn(x) ) ] :  { i l ] - : ' . : r , (x )aw{}  as  n  +  c .t J 0  |  n ' n ' " J i = l  t J ( l _ f r ) ,  ' '  ' " ' - . ' X J . i = l

fo r  f ,  (x )  =r* t  (here  D denotes convergence in  d is t r ibut ion on R-) .  More-
o v e r  i f  e ( v T t )  I  3 ,  t h e n  s e q u e n c e s  { x n } ,  l l x n l l  =  l ,  e x i s t  f o r  w h i c h
r f  i
{ [  

- t o rn ( rn (x ) ) [= . ,  f a i  l s  t o  conve rse  i n  d i s t r i bu t i on  to  any th ins .

I f  r ( u f t  )  =  3  a n d  E ( l u t t  l * )  ,  r n o t ,  r T r  =  1 , 2 , . . .  a n d  s o m e  o ,  t h e n  f o r
a n v  { x n } ,  1 1 * n l l  =  l ,  ( * )  h o l d s  f o r  f i  a n a l y t i c  a t  0 ,  f r ( 0 )  =  0 ,  w i t h
radi  us of  convergence greater than ( t  ;  6)2 .

The conc' lusions of  Theorems 2 and 4 fol low from the truth of  tn 3 Wo,
so these theorems support  th is property.  The theorems a]so demonstrate invar i-
an t  behav io r  o f  t he  mapp ings  On  3  Xn /6  (e  D t0 , l l )  and  the  l e f t  s i de  o f
( * )  (e  n * )  wh ich  

' l end  
suppor t  i n  i t se l f  t o  t he  s im i l a r i t y  o f  0n  to  Haar

measure for n 1arge.
The f j rs t  par t  o f  Theorem 4 y ie lds  un iqueness o f  any weak 

' l im i t  
X  o f

a  subsequence on [0 ,b ]  prov ided p(X e  C[0 ,b ]  )  =  ' l  .  Then Xn(Fn(x) )  g  r^ t l
would  fo l ' low f rom t ightness and the weak ' l imi t  o f  any convergent  subsequence
be ing  con t i nuous .

We conclude with the part ia l  answer promised
n

xn(Fn(x) )  +  q  i s  now known to  ho ld  on  a  c lass
only for  cer ta in uni t  vectors {xn} .

Recent work has shown the f i rst  part  of  Theorem 4 to be true under the
cond i t i on  e  {1v . , . ,  18 )  (  @.  A l so ,  by  ex tend ing  the  resu ' l t s  i n  Sec t i on  lZ  o f  [Z ] ,
a  cer ta in  t igh tness cr i te r ion has been estab ' l i shed.  t^ l i th  i t  I  have proved:

t  to u '  i  s symmetr i  cal  1y di  str i  buted about 0,  e tvf  . ,  )  = 3 and
E ( l v t t l o )  ( ' @ r  t h e n  x n ( F n ( x ) )  g  t {  f o t l o w s  f o r
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t  . . . t

I  hope that subsequent work wi ' l l  show when

era' l  1y.

/ 1  1
x n  =  ( t  =  '  i  -
1 r \ f i ' l n

- +,)'.
xn (Fn ( * )  )  3 '{ more gen-
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