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Abstract
We consider a spiked population model, proposed by Johnstone, in which all the population eigenval-
ues are one except for a few fixed eigenvalues. The question is to determine how the sample eigenvalues
depend on the non-unit population ones when both sample size and population size become large. This
paper completely determines the almost sure limits of the sample eigenvalues in a spiked model for a

general class of samples.

1 Introduction

The sample covariance matrix is fundamental to multivariate statistics. When the population size is fixed,
as the number of samples tends to infinity, the sample covariance matrix is a good approximate of the
population covariance matrix. However when the population size is large and comparable with the sample
size, as is in many contemporary data, it is known that the sample covariance matrix is no longer a good
approximation to the covariance matrix. A consequence of the main result in [17], along with refinements

done in [30], show that with n = the sample size, p = the population size, as n = n(p) — oo such that
(p)

B — ¢, the eigenvalues s i d=1...p, of the sample covariance matrix of standardized i.i.d. Gaussian
samples satisfy for any real x .
“H{s s <y — F(a) (1.1)
p

almost surely where )
F'(:E):%\/(b—x)(m—a)7 a<xz<b, (1.2)
and a = (1 —+/¢)? and b = (1 + 1/¢)? when 0 < ¢ < 1. When ¢ > 1, there is an additional Dirac measure

at £ =0 of mass 1 — % Moreover, there are no stray eigenvalues in the sense that the largest and smallest

eigenvalues converge to the edges of the support of F' [10]:

stV = (1+ V)’ (1.3)
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almost surely and [22]

almost surely (5521 = ...s,(,p ) = 0 when n < p). Such results apply to more general samples other than

Gaussian (see e.g. [31], [32],[2]). One piece of information that can be extracted from this is that if there are
non-zero eigenvalues of the sample covariance matrix well separated from the rest of the sample eigenvalues,
one can infer that the samples are not i.i.d.

In many examples, indeed, a few eigenvalues of the sample covariance matrix are separated from the rest
of the eigenvalues, the latter being packed together as in the support of the Marchenko-Pastur density (1.2).
Examples include speech recognition [8, 14] , mathematical finance [20], [15], [16], wireless communications
[27], physics of mixture [21], and data analysis and statistical learning [12]. The above results provide strong
evidence that the samples have non-null covariance. Then it is a natural question to ask whether it is possible
to determine which non-null population model can possibly result in the observed few sample eigenvalues
separated from the Marchenko-Pastur density.

The simplest non-null case would be when the population covariance is a finite rank perturbation of a
multiple of the identity matrix. In other words, all but finitely many eigenvalues of the population covariance
matrix are the same, say equal to 1. Such a population model has been called the ‘spiked population
model’: a null or purely noise model “spiked” with a few significant eigenvalues. The study of spiked models
was proposed by Johnstone [14]. The question is how the eigenvalues of the sample covariance matrix
would depend on the non-unit population eigenvalues as p,n — oo, as, for example, a few large population
eigenvalues would possibly pull up a few sample eigenvalues. It is known [17, 24] that the Marchenko-
Pastur result (1.1) still holds for the spiked model. But (1.3) and (1.4) are not guaranteed and some of the
eigenvalues are not necessarily in the support of (1.2). In other words, there might be stray eigenvalues.

For example, suppose that the population covariance matrix has one non-unit eigenvalue, denoted by
o1. If o1 is close to 1, one would expect that as the dimension p becomes large the population covariance
matrix would be close to a large identity matrix, and hence o7 would have little effect on the eigenvalues
of the sample covariance matrix. On the other hand, if o; is much bigger than 1, then even if p becomes
large, o1 might still pull up the eigenvalues of the sample covariance matrix. How big should o7 be in order
to have any effect, how many eigenvalues of the sample covariance matrix would be pulled up and exactly

where would the pulled-up eigenvalues be? We will see in the results below that the answers are o1 > 1++/c

CO1
0'1—1’

The purpose of this paper is to provide a complete study of the almost sure limits of the sample eigenvalues

(where 2 — ¢), one eigenvalue at most, and oy + respectively.

in the spiked model for a general class of samples which are either real or complex and are not necessarily
Gaussian, when both population size and sample size tend to infinity with finite ratio. Specializing to the
Gaussian samples, our results obtain the almost sure limits of the eigenvalues of the Wishart matrix for
the case when the covariance is a finite rank perturbation of the identity matrix. In particular, given non-
unit population eigenvalues, we determine how many stray sample eigenvalues the spiked model has and
where they are located. For complex Gaussian samples, such results were obtained in [19, 6] for the largest
eigenvalue of the sample covariance matrix. While this paper was being prepared, the authors learned that

Debashis Paul [18] obtained results for the spiked model for real Gaussian samples independently at the



same time, which have some overlap with this paper. For real Gaussian samples when ¢ < 1, the almost
sure limits as in (1.10) and (1.11) below were obtained for large sample eigenvalues. On the other hand, this
paper (i) is concerned with more general samples, not necessarily Gaussian, (ii) includes all choices of ¢ and
(iii) studies both large and small sample eigenvalues.

A very general study of the sample eigenvalues with non-null covariance matrix was conducted in [3, 4].
The spiked population model is a particular case of the non-null covariance model. However, in general, to
apply the results of [3, 4], one needs to determine all the real roots of a polynomial of high degree (see (2.11)
and Lemma 3.1). For the spiked model, we show how to use a perturbation argument in complex analysis
to determine the roots of the polynomials with sufficient error bounds.

This paper concerns only the almost sure limits of the sample eigenvalues for the spiked model. It is also
of great interest to study the limiting distributions of the sample eigenvalues. See Subsection 1.3 below for

a discussion.

1.1 Model

Let T}, be a fixed p x p non-negative definite Hermitian matrix. Let Z;;, 4,5 = 1,2,..., be independent and

identically distributed complex valued random variables satisfying
E(Zi1) =0, E(|Zul*)=1, and E(Zu|*) < oo, (1.5)

and set Z, = (Z;5), 1 <i <p, 1 <j <n. We take the sampled vectors to be the columns of T;}/2Zp7 where
TI} /% is a Hermitian square root of T),. Hence T, is the population covariance matrix. Of course, not all
random vectors are realized as such, but this model is still very general. When Z;; are i.i.d (real or complex)
Gaussian, the model becomes the Gaussian sample with population covariance matrix 7},. Outside the
Gaussian case we see that these vectors cover a broad range of random vectors, completely real or complex,
with arbitrary population covariance matrix.
Let
By = %TZ}/QZPZZ’)TI}/Q (1.6)

be the sample covariance matrix, where Z}, denotes conjugate transpose. When Z; is Gaussian, B), is also

known as a Wishart matrix. Denote the eigenvalues of B, by sgp ), RN sz(,p ): for some unitary matrix Up,

Sgp)

Sgp)

UpB,Ug' = . :diag(sgp),sép),...,sé”)). (1.7)

Sj(op)
For definiteness, we order the eigenvalues as sgp) > sép) > > 31(7’7) > 0.
Let ay > --+ > aps > 0 be fixed real numbers for some fixed M > 0, which is independent of p and n.
Let k1, ..., kp be fixed non-negative integers and set 7 = k1 + - - - + kjps, which are also independent of p and
n. We assume that all the eigenvalues of T}, are 1 except for, say, the first r eigenvalues. This is the ‘spiked

population model’ proposed in [14]. Let the first r eigenvalues be equal to a1, ...,ap with multiplicity



ki,...,kn, respectively: for some unitary matrix Ur,

UTTPU;1 :diag(oq,...,ozl,ozg,...,ozg,...,aM,...,aM,l,...,l).
k1 k2 kv p—=r

We set kg = 0.

1.2 Results

Theorem 1.1 (case ¢ < 1). Assume that n = n(p) and p — oo such that
p
£z 1.9
2 e (19)

for a constant 0 < ¢ < 1. Let My be the number of j’s such that a,; > 1+ +/c, and let M — My be the number
of j’s such that o < 1 — +/c. Then the following holds.

o Foreach 1< j < My,

(p) cay

Skydgothjati % T o =1 1 <1 <kj. (1.10)
almost surely.
°
Sl(f]Z)Jr~~~+kMO+1 = (1+e) (1.11)
almost surely.
°
Sz(yli)r+k1+-»-+khll — (1=Vo)? (1.12)
almost surely (recall r = k1 +--- + kar ).
e Foreach M1 +1<j7< M,
Sigp—)r+k1+“'+kj_1+i — ot ajoij 1’ L<i<k (1.13)

almost surely.

Therefore, when all non-unit population eigenvalues are ‘close to 1’ (i.e. when My = 0,M; = M),
Marchenko-Pastur density is not disturbed and no sample eigenvalues have almost sure limits outside the
support [(1—+/¢)?, (1++/¢)?] of the Marchenko-Pastur density. The quantitative measure for the population
eigenvalues to be ‘close to 1’ turns out to be that population eigenvalues are in the interval [1 —\/c, 1+ +/c].
When there are population eigenvalues outside [1 — \/¢,1 + /c|, precisely the same number of sample
eigenvalues are outside the support [(1 —+/c)?, (1++/c)?] of the Marchenko-Pastur density. Each population
eigenvalue « outside [1 — /¢, 1+ /] pulls one sample eigenvalue from the support [(1 —+/¢)?, (14 1/c)?] of
the Marchenko-Pastur density and positions it at o +

ca
a—1

in the limit.

As an example, when r = 1, by denoting the only non-unit eigenvalue by o1, the largest sample eigenvalue

sgp) satisfies

1+ /c)?, o1 <14+ c
s 1+ ve) ! ve (1.14)
O'1+Jclgjl, O'1>].+\/6



almost surely. When r = 2, by denoting the two non-unit eigenvalues by o1, 03, the largest sample eigenvalue

s\ satisfies

» _ (1+e)?, max{o1,02} <1+ /¢

81
max{o1,02} + %, max{oy,02} > 1+ /¢

(1.15)

almost surely.

was first obtained in

For complex Gaussian samples, Theorem 1.1 for the largest sample eigenvalue s(lp )

[19, 6]. When the samples are real Gaussian, the results (1.10) and (1.11) were independently obtained in
[18].

Theorem 1.2 (case ¢ > 1). Assume that n = n(p) and p — oo such that
p
e 1.16
Lo (1.16)
for a constant ¢ > 1. Let My be the number of j’s such that o; > 1+ \/c. Then the following holds.

e Foreach 1< j < My,

( caj ,
Skli)+»--+k,-71+i — a5+ r-jl’ 1 <i <k (1.17)
almost surely.
[ ]
(p)
Sk1i+---+kMU+1 - (1 + \/5)2 (1'18)
almost surely.
[ ]
s — (1 - /) (1.19)
almost surely.
e For all p,
sl = =5 =0. (1.20)

Thus, unlike the case of ¢ < 1, small eigenvalues of T}, do not affect the eigenvalues of B, when ¢ > 1.

Theorem 1.3 (case ¢ = 1). Assume that n = n(p) and p — oo such that

p
= —1. 1.21

Let My be the number of j’s such that a; > 2. Then the following holds.

e Foreach 1 <j < My,

() .
Sk1+“'+kj71+i — o

i 1.22
Oéj—l, — — 7 ( )

almost surely.



(p)
Sk]i-l‘"--i-kMO-i-l —4 (123)

almost surely.

(p) -0 (1.24)

almost surely.

Theorem 1.3 for sgp ) was first obtained in [19, 6] for complex Gaussian samples.

1.3 Discussion

Loosely speaking, the location of the eigenvalues in the spiked model are due to interactions between the
non-unit population eigenvalues, which are finite in number, and the unit population eigenvalues whose size
tends to infinity. It would be interesting to have a simple heuristic argument which shows how to obtain
cQj

the critical values 1 4 y/c of the population eigenvalues and the location o + —Z

eigenvalues. For the complex Gaussian case, the paper [6] (see section 6) shows that the distribution of

of the pulled sample

the largest sample eigenvalues is the same as the last passage time in a directed percolation model, and
gives a heuristic argument that determines the critical value and the location of the pulled eigenvalues; the
interaction is basically a competition between a 1-dimensional last passage time and a 2-dimensional last

passage time.

It is also interesting to consider the limiting distributions of the eigenvalues. For the null case when T},
is the identity matrix, under the Gaussian assumption, the limiting distribution for the largest eigenvalue is
obtained for the complex case in [9, 13] and for the real case in [14]. For the latter case [26] shows that the
limiting distribution does not depend on the Gaussian assumption when ¢ = 1. The limiting distributions are
the Tracy-Widom distributions [28, 29], originating from the mathematical physics side of random matrix
theory. For the spiked model with complex Gaussian samples, when ¢ < 1, the limiting distributions of
the largest eigenvalue are obtained in [19, 6]. The paper [6] determines the limiting distribution of sgp ) for
complete choices of the largest population eigenvalue a; and its multiplicity k;: the distribution is (i) the
Tracy-Widom distribution when a; < 1+ /¢, (ii) certain generalizations of the Tracy-Widom distribution
(see also [5]) when a; = 14 /¢, and (iil) the Gaussian distribution (k; = 1) and its generalization (k1 > 2,
the Gaussian unitary ensemble) when ay > 14 y/c. For real Gaussian samples [18] showed that when ¢ < 1,
My >1and k; =+ = kp, = 1 (i.e. all non-unit population eigenvalues larger than 1 + /c are simple),
the limiting distribution of the pulled eigenvalues sg-p ), 1 < j < My, is Gaussian. For the case of when
the population eigenvalues are of higher multiplicity, the limiting distributions of all pulled eigenvalues are
considered in [7] without the Gaussian assumption. However, it is an open question to determine the limiting
distribution of the sample eigenvalue converging to the edge (1++/c)? of the support of the Marchenko-Pastur
dentity for real samples. See section 1.3 of [6] for a conjecture on the scaling.

We include several plots for the case when ¢ = 0.5 and there are three non-unit population eigenval-

ues given by 0.1, 3 and 4 (of multiplicity 1 each). In this case, the critical values of the eigenvalues are



Figure 1: Gaussian samples when p = 1000, n = 2000

1+ +/c ~ 1.70711 and 1 — /c ~ 0.29289. Hence theoretically we expect that three sample covariance
cigenvalues of values o + ——4- ~ 0.04444,3.75 and 4.66667 are away from the interval [(1 — /c)?, (1 +
V©)?] ~ [0.08578,2.91422]. The histogram and the scatterplot of Figure 1 is from Gaussian samples when

p = 1000, n = 2000. The smooth curve is the theoretical limiting density and the theoretical locations of the

three separated eigenvalues are plotted with + signs below the horizontal axis. The smallest and largest two
sample eigenvalues are plotted with + signs about the horizontal axis. Figure 2 is from Gaussian samples
when p = 100, n = 200 while Figures 3 and 4 from samples of Bernoulli variables taking values —1 or 1 when
p = 1000, n = 2000, and p = 100, n = 200 respectively. The observed values of the four separated eigenvalues

in each case are as follows:

smallest eigenvalue | 2nd largest eigenvalue | largest eigenvalue
theoretical 0.04444 3.75 4.66667
Gaussian p = 1000 0.04369 3.78400 4.59127
Gaussian p = 100 0.03979 3.55388 4.66192
Bernoulli p = 1000 0.04555 3.75706 4.66594
Bernoulli p = 100 0.05015 3.62337 4.70786

Figure 5 and Figure 6 are the cases when ¢ = 2, p = 2000, n = 1000 with Gaussian and Bernoulli samples,
respectively. Again three non-unit population eigenvalues are chosen: 0.1, 3 and 4. The critical value of the
eigenvalues is 1 + /¢ ~ 2.41421 and the theory predicts that the two largest sample eigenvalues given by
aj+ acja_jl ~ 6 and 6.66667 are separated from the interval [(1 —+/c)?, (14 1/c)?] =~ [0.17157,3.41209]. Only

non-zero eigenvalues are plotted in Figure 5 and Figure 6. The observed values of the separated eigenvalues

in each case are as follows:



Figure 2: Gaussian samples when p = 100, n = 200

2nd largest eigenvalue | largest eigenvalue
theoretical 6 6.66667
Gaussian p = 2000 5.8523 6.4013
Bernoulli p = 2000 6.01065 6.725

We mention here one possible application of the results obtained in this paper. Suppose some high
dimensional data is believed to be due to a small number of independent (mean zero) factors corrupted
by additive noise. However, the number of samples is not large enough to reliably estimate the population
matrix. This matrix will have one eigenvalue, say o2, with high multiplicity. The remaining eigenvalues, each
one corresponding to a factor, will be larger than o2. A scatterplot of the sample eigenvalues should reveal a
separation with many grouped together in an interval to the left of the others. Using the fact that the mean
of a Marchenko-Pastur density is one, the mean of the grouped eigenvalues can be taken as an estimate of
o2. This estimate can then be scaled out of the sampled eigenvalues, and with ¢ denoting the ratio of vector
dimension to sample size, [(1 —1/¢)?, (1 + 1/c)?] can be used as an estimate of the interval containing all the
“noise” eigenvalues (which should be close to the interval observed to contain all the grouped eigenvalues),
the ones outside this interval should correspond to factors. Taking into account the scaling and shifting
caused by o2, estimates of the “uncorrupted” population eigenvalues (variances of the lengths of the factors)
can be made. However, there is no guarantee all important eigenvalues will be detected. Indeed, any sample
(scaled) eigenvalue corresponding to a population eigenvalue in [1, 14++/c] will be close, with high probability,
to (1+/c)?. Tt is then the decision of the user to either reconcile that population eigenvalues in this interval
will never be detected, or, if \/c is suitably small, to dismiss those undetected sample eigenvalues as ones
coming from insignificant factors (small length variances).

The paper is organized as follows. In section 2, we summarize the work of Z. D. Bai and J. W. Silverstein

on which we heavily rely to prove our results. It turns out that the determination of the support of a Stieltjes



Figure 3: Bernoulli samples taking values —1 or 1 when p = 1000, = 2000

transform plays the crucial role. This is obtained in section 3. The proofs of the main theorems are given in
section 4.
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2 Results of Z. D. Bai and J. W. Silverstein

Our analysis replies heavily on the work [3, 4] of Bai and Silverstein. In this section, we summarize the

necessary results from [3, 4].

Notational Remark. We denote by p the population size and by n the sample size. The notations n and N

are used in [4] for p and n, respectively.

The work [3, 4] is a refinement of the work of Marchenko and Pastur [17]. The key tool in those work is
the so-called Stieltjes transform of a distribution. For a distribution function G()\), its Stieltjes transform

me(z) is defined by

> 1
ma(z) :/ /\_ZdG()\), 2eCt:={2€C:Im(z) >0} (2.1)
Recall the inversion formula )
1., .
G, ) = ~1im [ m(ma(e +in)de (2.2)

for continuity points a, b of G.



Figure 4: Bernoulli samples taking values —1 or 1 when p = 100,n = 200

We first sketch the idea of [17]. Note that the matrix B, := %Z;TPZP has precisely the same set of
eigenvalues as B), except for |p — n| zero eigenvalues. Sometimes it is easier to work with B, than B,. Let
Fp  denote the distribution function of the eigenvalues of B,,. Set m,(2) be the Stieltjes transform of Fp ,
ie.

m, (2) i= mi,_ (2) = [ h ﬁd@p (\), zeC*. (2.3)

Suppose as before that p,n — oo such that £ — ¢. Also denote by H), the distribution of the population
eigenvalues of T, and suppose that H, converges in distribution to a distribution Hs,. The result of [17]
is that the random function m,(z) — ms(z) for each z € C*, for a non-random function mes(z) which

satisfies the equation

1 o t
= ———dH(t ct. 24
z mm(2)+c/ool+tmoo(z) oo (t), z € (2.4)
It is shown that ms(2) is the Stieltjes transform of a distribution function, which we call Fu:
< 1
Mmoo (2) = / SdF.(),  zECh. (2.5)

For the null-case, and also for the spiked model, H, is the Dirac measure at ¢t = 1, i.e. dHo(t) = d1(t)dt.
In this case, the equation (2.4) becomes

1 c

) + 1 T (2.6)

z =

By solving the quadratic equation in me(z), we find

c—1—2z++/(z—a)(z—b) (2.7)
2z .

with a suitable choice of the square-root, where a = (1 — /¢)? and b = (1 + /c)? as in (1.2). By using the

inversion formula (2.2), it can be shown that mu(z) is the Stieltjes transform of the distribution function of

Moo (2) =

Foo() = (¢ = )1 + F(a) (28)

10
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Figure 5: Gaussian samples when p = 2000, n = 1000

where F'(z) is in (1.2), and that Fg — Fw. By using the relation between B, and By, (1.1) follows.

For finite n, p, my(z) satisfies, with ¢, := £

n’

1 © t
= - — dH,(t 2.9
i m,(z) Tt /_OO 1+ tmy(z) p(t) + error, (2.9)

where ‘error’ — 0 as p — oo, from which (2.4) follows. Now [3, 4] derived a sharp estimate on ‘error’, and
then showed that by setting ‘error’= 0 in (2.9) and solving the resulting equation for my(z), one obtains
finer asymptotics of the eigenvalues of B,,, and hence B,. Namely, the precise intervals in R which contains
no sample eigenvalues for all sufficiently large p are determined. They are in general subsets of supp(Fi)¢.
Moreover, for the intervals in R which contains sample eigenvalues for all large p, the precise number of
sample eigenvalues in each set is determined in terms of the solution to the truncated version of the equation
(2.9). To state the result of [3, 4], we need some assumptions.

Assume the following;:

(a) Z;; are i.i.d. random variables in C with E(Z11) = 0, E|Z11]? = 1 and E|Z1;1|* < .

(b) n=mn(p) with ¢, := 2 — ¢ >0 as p — oo.

(c) For each p, UrT,Us' = diag(o (p),...,az()p)) for some unitary matrix Up such that H, — H in
distribution for some distribution function H., where H,, is the empirical distribution function of the

eigenvalues of T}, defined by
1 P
- E 0 2.10
Y 2 <> (2.10)

(p)

(d) max{o; ,O’Z(,p)} is bounded in p.

(€) Set Z, = (Zi;), 1 <i<p, 1<j<nand B, = 21,/°2,72:T,/".

11
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Figure 6: Bernoulli samples taking values —1 or 1 when p = 2000, = 1000

(f) Set (cf. (2.9))

2p(m) = f% +cp/ﬁde(t). (2.11)

JFrom [24] and [23], it is known that there is a unique inverse function my,(z) such that m,(z) € C*
for z € C*. It is also shown in [24, 23] that m,(z) is the Stieltjes transform of a distribution, which
will be denoted by Fj:

mp(z):/jo A:Zde(A), seCH. (2.12)

Suppose that the interval [a,b] with a > 0 lies in an open interval outside supp(F,) for all large p.
Remark. We emphasize that the function F}, is not the empirical distribution of B,,. The distribution function

F, is defined only through (2.12) as the inverse transform of m,,, which solves the truncated version of the

equation (2.9) for m,,.

Remark. If [a,b] satisfies condition (f) above, it is easy to check that [a,b] C supp(Fw )¢, where F, is the

inverse Stieltjes transform of mq, given in (2.4).

Definition 1. Let i, > 0 be the integer satisfying the conditions

(p) ! (p) 1
o o) , 2.13

v~ Moo (b)’ it < Meo(a) 213
(Here aép) = 00.)

It is shown in [4] that, given an interval [a, b] satisfying condition (f) above and m.(b) < 0, such i, exists

for large p.

Proposition 2.1 (Theorem 1.2 [4]). Assume (a)-(f) above. Let xqo be the smallest value in the support of
Fo.

12



(1) If ¢(1 — Hx(0)) > 1, then zp > 0, and s — xq with probability 1. The value xo is the mazimum of

the function zoo(m) for m € R,.
(i) If c(1 — Hxo(0)) <1 or ¢(1 — Hyo(0)) > 1 but [a,b] is not contained in [0, zo], then moo(b) < 0 and
P(sgf) > b and sgfll < a for all large p) =1 (2.14)
with i, defined in (2.13). (Here sgp) = 00.)

Therefore for the case of (ii), the i,th sample eigenvalue and the i,41th sample eigenvalue are separated
by an interval in supp(F),)°. Hence this result determines the precise number of the sample eigenvalues in

(a small neighborhood of) each interval of supp(F})°.

3 Determination of supp(F,)

The key part in applying Proposition 2.1 turns out to be determining the support of F,. This can be

extracted from the following result due to Silverstein and Choi.

Lemma 3.1 ([25]; see also Lemma 1.3 [4]). If x € R\ supp(F}), then m :=my(z) = lilrgl my(x +i€) satisfies

(i) m e R\ {0}
(ii) —3; ¢ supp(Hp)
(ii) z,(m) = lellrgl 2'(m +ie) > 0.
Conversely, if m satisfies (i)-(iii), then © = z,(m) = lifg z(m + ie) € R\ supp(F)).

Note that from (2.12), m;(z) > 0 for z € R\ supp(F},). Hence z,(m) > 0 at such points. Therefore
supp(Fy)¢ and the points at which z,(m) > 0 are intimately related. The above Lemma gives the exact

relationship.

Remark. Lemma 1.3 of [4] is stated for Hy. But the proof of Lemma 1.3 in [25] applies also to the finite
p case of Hy, and ¢, without any change. Indeed, the proposition applies to any distribution defined by its
Stieltjes transform satisfying (2.12).

Remark. It is also shown in [25] that F}, has continuous density on Ry.

When T, is as in (1.8),

M
1
dHp(z) = - Z kjda, (z) + (1 - T>51 (x) (3.1)
P p
and u
1 Cp 1 kjo r
_ 1 1 _ 2
2(m) m+1+m+n{zl+ajm 1+m]’ (32)

j=1

where we recall that r = k1 + -+ + kps. We first determine the set of real m such that zl’j(m) > 0.

13



Now

Fm) + Lg(m)
m2(1+m)2 [Tt (1 + apm)?’

where
M
fm) = (1 +m)* = ¢;m?) [J(1 + apm)? (3.4)
=1
and u a2 ) u

We need the following basic lemmas of complex variables to determine the solution of z,(m) = 0.

Lemma 3.2. Let h(z) be an analytic function in a closed disk D(zo,r) of radius r > 0 centered at zo. Then

there is €9 > 0 such that for 0 < e < €y, the equation
z — 2o = €h(2) (3.6)
has a unique solution in D(zo,r), which satisfies
z = 29 + eh(z0) + O(€?). (3.7
Furthermore, if zy is real and h(z) is real for real z, the solution (3.7) is real.

Proof. As h is continuous, there is a constant C' > 0 such that |h(z)| < C for |z — 29| < r. When [¢] < F,
for |z — zo| =,
|z — 20| = r > |€|]C > |eh(z)]. (3.8)

Hence from Rouche’s theorem, the number of zeros of z — 2o — eh(z) inside D(zp,r) is equal to the number

of zeros of z — zy inside D(zp, ), which is one. The zero z. satisfies z. — zo = €h(zc) = O(€). Thus
2e — 20 — €h(20) = €(h(ze) — h(20)) = O(€?). (3.9)

If zp is real and h(z) is real for real z, then by taking the complex conjugate of (3.6), we find that Z¢ is also

a solution. Since there is only one solution, we find that z. is real. O

Lemma 3.3. Let h(z) be an analytic function in a closed disk D(zo,r) of radius v > 0 centered at zy such
that h(zo) # 0. Then there are 0 < ro < r and ¢y > 0 such that for 0 < € < e, the equation

(z — 20)* = eh(2) (3.10)
has precisely two distinct solutions in D(zo,70), which satisfy
z = z9 + e/ h(z) + O(e) (3.11)

where \/h(zg) is an arbitrary branch. Furthermore, suppose that zq is real and h(z) is real for real z. Then if
h(zp) > 0, both solutions (3.11) are real. On the other hand, if h(zo) < 0, both solutions (3.11) are non-real.
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Proof. The proof of (3.11) follows from Lemma 3.2 by taking the square root of (3.10). When z; is real and
h(z) is real for real z, the complex conjugate of a solution of (3.10) is also a solution. Thus the two solutions
(3.11) of (3.10) are either complex conjugates of each other or both real since there are precisely two distinct

solutions. Hence the Lemma follows. O

For the remainder of this section, we assume that ¢ # 1 and none of the a;’s are equal to 1+ \/c. We
further assume that p and n are sufficiently large so that ¢, # 1 and none of the «;’s are equal to 1+, /c;.
Then the numerator of (3.3) is a polynomial of degree exactly 2M +2, and we now determine all the solutions
of z,(m) = 0.

For f defined in (3.4), the equation f(m) = 0 has distinct solutions

-1 -1
m=-——=:1my, m = =1m_ (3.12)
1+ ./¢c, 1-./c,
of multiplicity 1 and
-1
m=—, ji=12,..., M, (3.13)

Qj

of multiplicity 2. The roots of z,(m) are expected to be perturbations of the roots of f(m), which we will

find. First consider m.. Dividing the equation f(m) + Lg(m) = 0 by %, we obtain the equation
1 m?(1+m)? M —kjo? T
_ ) =0. 3.14
et e m —m) |2 (Lt a5 m)? (3.14)

j=1

Lemma 3.2 implies that there is a solution of z},(m) = 0 of the form
1
n
which is real. Similarly, there is a real solution of z,(m) = 0 of the form

7n:m+0<i) (3.16)

"i))z,, we obtain the equation
aj

Now consider the root m = ;—]1 of f(m)=0. Dividing f + %g =0 by (mfi

Gn+1>2:1Gﬂm) (3.17)

where
() = —(1+ a;m)?m?(1 + m)? M —ka? r
Gj(m) = a2(1—cp)(m—my)(m—m_) Lzzl (1+am)?  (14+m)?2]’ (3.18)
Note that Gj(ii) ) k(g — 12 510
o) T =) ) —m )

is not zero and also G, (m) is real for real m. Thus Lemma 3.3 implies that there are precisely two solutions

of z,(m) = 0 of the form

- 4+ (——) + - i=1,...,M 2
m ; \/ﬁ GJ( j) O(Tl)’ ] 5 5 5 (3 0)
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where the pair for each j are either both real or both non-real depending on the sign of G (—ai)

Now when ¢, < 1, the condition G} (—O%) > 0 is equivalent to

—> —<m_, 3.21
o my  or o m (3.21)
which is the same as
a; >14,/c, or a; <1—,/c,. (3.22)
On the other hand, when ¢, > 1, we note that my < 0 < m_. The condition G; (—O%) > ( is now equivalent
to )
my < — < m_, (3.23)
@
which is the same as (since «; > 0)
a; > 1+ /5. (3.24)

We summarize the above calculations.

Lemma 3.4. The solutions of z,(m) =0 are

1 1 1 1
m=rre (1) =l m= e ro(L) =, (3.25)
n

1+ ./c, 11—/ n
and
1 1 1 1 (n) .
=3+ —,/G:(—— O - ) =m:; =1,...,M, 3.26
m ; \/ﬁ J( Oéj)+ <n> m],:l:? J ( )

all of multiplicity 1. Furthermore, the following holds.
(n)

< mgf) < 0, and mgnj)t are real if and only if a; > 1+ /¢, or a; < 1—/cp. If

1=/ <aj <14, /¢, myﬁ and myi)

o Whenc, <1, m

are complex conjugates of each other.

o When c, > 1, m(f) <0<m™, and m§ni) are real if and only if a; > 1+ /¢y, If ay <1+ /¢, myﬁ

and myi) are complex conjugates of each other.

We now consider the cases when ¢ < 1 and when ¢ > 1 separately.

3.1 Whenc<1

Let the indices 0 < My, My < M be defined as in Theorem 1.1 (recall that we assume that none of the a;’s
are equal to 1 4 +/c), so that

OZ1>"'>OéMo>1+\/E>04M0+1>'~'>Oé]w_M1 >1_\£>QM—M1+1>"'>041VI~ (327)

We now find the intervals in which z;,(m) > 0.

The denominator of (3.3) is non-negative. ;From Lemma 3.4, the numerator of (3.3) is factored as

M
const - (m —m™)(m — m{) [T (m —m{)(m —m{") (3.28)

Jj=1
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The constant prefactor is, from (3.4) and (3.5),

(1 —%)ﬁ@ +O(i>, (3.29)

which is positive when n is large enough. On the other hand, among the terms in the product of (3.28),

mgnj)t corresponding to the indices My + 1 < j < M; are complex conjugates of each other. Thus

Mi+1
H (m — m("))(m m(n))_O. (3.30)
j=Mop+1

Hence using the fact that

0> mﬁ”}r > mﬁ") - > m(") 4> mﬁv’}g _>m{Y (3.31)
and
™ > m(ﬁ)ﬂ + 7 m§\2+1 _Z > mi; )+ > m(Mn)_7 (3.32)

we find that the numerator of (3.3) is positve in the intervals

(=0 mgﬁ) ) U (m(l\z)w mgﬁ) 1, Uy (m5\2+2 +,mg\2+1 )y (mﬁfﬂ 4 (n)) (3.33)
union
(m{,m{) YU (i) omi) ) U U md,mi™ ) U (m{7], 00). (3.34)

The singular points of (3.3) are not contained in any of the above intervals except for the singular point

m = 0. Hence the set of m such that z,(m) > 0 is equal to (3.33) union
(n” S ) O i om0 U (i mi) U i, 0) U (0, 00). (3.35)
Now Lemma 3.1 determines supp(F}).

Proposition 3.5. Suppose that ¢ < 1 and none of a; is equal to 1 £ \/c. With the indices My and M
defined in Theorem 1.1, for n sufficiently large,

supp(Fp)° =(—00,0) U (0,257 ) U (247,25, YU u (i), L, =)

(3.36)
U, 28 UGS 2 U U (8 2 U (), o)
where )
= e +o(2) @i
and

Zj(;iz:a]—’_acpi[jli\/%'f'O(n)a lea"'vMOa J:M1+1a"'7M7 (338)
J

for some constant A; > 0. The intervals in (3.36) are disjoint.
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Proof. We will first see that the intervals (3.33) union (3.35) satisfy conditions (i)-(iii) of Lemma 3.1. Con-
dition (iii) is clearly satisfied. Also 0 is not contained in (3.33) and (3.35), and so condition (i) is fullfilled.
Finally, as supp(H,) = {a1,...,anm, 1} and

(n) (n) m™ o 1 (n)
m’ < —1<mi’, m; - a—j <m s (3.39)

condition (ii) is satisfied for m in (3.33) union (3.35).
We now need to find the image of the above intervals under z,. Clearly, z,(—oc0) = 0, 2,(0—) = 400,

2p(04+) = —oo and z,(+00) = 0. A direct computation yields

() = (12 v5 2 +0( 1) (3.40

and
Zp(mg‘flﬁ):) =a; + % + jjﬁ + O(TlL) (3:41)
where
A; = Clj{c;af.(l - M) + kj}, Cj = /G(=1/a;). (3.42)

Note that A; > 0 for 1 < j < Mg and M; +1 < j < M since o > 1+ /¢ ora; <1—,/c,. Also it is
straightforward to check from the graph of the function

CpT

3.43
T+ —— (3.43)
that
0<oan+ -2 o cap g+ —2EMEL (1 /)2
Osz]. OtMH_l*l (344)
o CpQiy ’

1 < I T

( + \/7) aMO a o 1 a + al _ 1
This implies the Proposition. O

3.2 Whenc>1

This case is similar to the previous case when ¢ < 1. We indicate only the difference.
We again assume that p and n are large enough so that the set of j’s satisfying a; > 14 /¢, is the same
as the set of j’s satisfying a; > 14 y/c. Let the index 0 < My < M be defined, as in Theorem 1.1. We

further assume that none of «; is equal to 1+ \/c so that

angy > 1+ > anggsr. (3.45)
The denominator of (3.3) is non-negative and as before, the numerator of (3.3) is equal to (3.28). But
this time, the constant prefactor (3.29) is negative when n is large enough. Also, as in (3.30),

M
H (m — m("))(m m("))_O. (3.46)
Jj=Mo+1
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Now using the fact that
m™ >0 > mgnl > mg”l > > mg\}lg+ > mg\%ﬁ >m, (3.47)
we find that the numerator of (3.3) is positive in the intervals
(msf), m%}&_) U (mg\z),7+7 mg\?},—l,—) u---u (mgnlv mgnl) U (mgn}r’ m(—n)) (3.48)
Hence, taking into account the singular point m = 0 of z;,(m), the intervals where z;,(m) > 0 are
(m mii) YU (mi) omp U U g mi™) U (mi"),0) U 0,m ™). (3.49)
The proof of the following proposition is parallel to Proposition 3.5.

Proposition 3.6. Suppose that ¢ > 1 and none of «; is equal to 1+ \/c. With the index My defined in
Theorem 1.2, for n sufficiently large,

supp(Fp)¢ =(—00,2") U (2,287 YU 4y o280 ) YU U8, ) U (4, o) (3.50)
where
2= (1+/5) + OCL) (3.51)
and
Za('fi:aﬁac;ajlij%ro(;) j=1..., M, (3.52)

for some constant A; > 0. The intervals in (3.50) are disjoint.

4 Proof of Theorems 1.1, 1.2 and 1.3

When T, is (1.8), H, is equal to (3.1), and hence dH(z) = d1(z)dz. In this case, (see (2.6) and (2.7))

dF.o(\) = ﬁ\/((lJr\/E)?_)\)()\—(1—\/5)2)1[(17\/5)27(1+ﬁ)2](>\)7 e>1 )

5V (T + )2 = M)A = (1= Vo)) vz a4z (A) + (1 =)o, 0<c<l.

4.1 Whenc<1

We first assume that none of «; is equal to 1+ /c so that Proposition 3.5 is applicable. The case when some
of a; are equal to 1 £ /c will be discussed at the end of this subsection.
When T, is (1.8), all the conditions (a)-(e) of Proposition 2.1 are satisfied or are defined accordingly.

Now suppose [a, ] is an interval satisfying condition (f). Since

A (1+ve)? 2 - —ve)? (4.2)
and for any 1,
R (4.3)
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we see that

[a, 8] €(—00,0) U (OvaM + M ) U (aar + caM ap—1 + conl>

aM—l ()51\4—17 OéM_l—l
U---u <04M1+1 + M,(l _ \/5)2) (4.4)
OéM1+1—1
U((1+\/E)27QM0+MMJ>U"'U<QZ+ caz , 0 + el >U(O<1—|- o ,oo>.
on, — 1 as — 1 ap —1 ap —1

On the other hand,
supp(Fac)” = (—00,0) U (0, (1 = v/2)%) U (1 + v2)%, ). (45)

Hence [a,b] C supp(Fuo)¢. Also from (2.5), it is easy to see that m. (z) > 0 for z € supp(Fi)¢. The first
consequence of (ii) of Proposition 2.1 (note that H(0) = 0) is that meo(b) < 0. Thus mu(a) < me(b) < 0.

Therefore, condition (2.13) is equivalent to the condition
[a,8] € [200(—1/0{)), 200 (~1/0 )], (4.6)

We will consider four different choices of [a,b]. First fix 1 < j < My. Take

CQ CQj_1
[a, b] = [ozj + %7_]1 + €, Q51 + ﬁ - 6] (47)

for an arbitrary fixed ¢ > 0. (Here ag := +00.) From (4.3), we see that

[a,b] € (=47, 24", ) (4.8)

for all large p, and hence condition (f) is satisfied using Proposition 3.5. Set
ip = ]C1—|--"-‘rk‘j_1. (49)

(When j =1, i, :=0.) For T, given by (1.8),

UE:) =51, O'Z(:z'_l = Qj. (410)

But
Ccay
Oéj -1

and hence condition (4.6) is satisfied. Therefore i, is defined to satisfy condition (2.13). Proposition 3.5 now

Zoo(—1/aj) = aj + (4.11)

implies that

CQij—q

—eand Sl(czi)-y---+k_j_1+1 <a;+ cQj : + ¢ for all large p) =1. (4.12)

(p) )
P(skﬁ“*k"‘l >t ;1 —1 Qj —

This yields that, 1 < j < My — 1,

CQuy

ca (p) (p)
P<aj 7 —€< Sk1+"'+kj—1+kj s s Sk1+~~kj—1+1 <o+ )

for all 1 =1, (4.13
a1 J—1+€ or a argep) , (4.13)

which implies (1.10) for 1 < j < My — 1, and

CQ ),
IF’(SgLMMMO_lH < o, + W_Ol + € for all large p) =1 (4.14)
0]

20



For the second choice of [a, b], set

[a,b] = [(1+V¢)* + €, an, + oMo | (4.15)
QN — 1
for an arbitrary fixed € > 0. Noting that
2 = (14 e)? (4.16)

and setting i, := k1 + - -+ 4+ kay,, & calculation similar to the above yields that

CQ M

P(sgl,,__s_km > an, + — e and Sz(fi)+--»+kM0+1 < (14 v/¢)? + € for all large p> =1. (4.17)

Oé]v[0 -1
Thus, together with (4.14), we obtain (1.10) for j = M. Also as (2.4) and discussions around (2.8) imply

that the support of the limiting spectral distribution of B, is [(1 — v/¢)?, (1 + v/¢)?], we obtain (1.11).
As the third and fourth choices of [a, b], we set

[a,8] = [ornr, 41+~ e (1 /)2 — ] (4.18)
QM +1 — 1
and
o1 ca
[a,b] = [Oéj+1 + ﬁ + € a5 + Py _j 1~ 6} (4.19)

for some M7 +1 < j < M (ap41 := 0), respectively. Arguments as above imply the remaining part of
Theorem 1.1.

We now consider the case when an «; is equal to 1 £ /c. We first observe certain monotonicity of the

(p)
] A~

for |p — n| zero eigenvalues. Consider a set of parameters 3;, 1 < j < M, such that a;; > 3;. Let T}, be the

matrix T, with «;’s replaced by §;’s, and set Bp = %TI}QZPZZ’,T,}/Z and Bp = %ZI’)TPZP. Then clearly, B,

and Bp are Hermitian, and B,, > Bp. Hence from the min-max principle (see e.g. [11]), we find that

eigenvalues 5,7’ on ajs. Note that the matrix B, := %Z;;szp has the same set of eigenvalues as B), except

st > 5P (4.20)

for all non-zero eigenvalues, where §;p ) denotes the eigenvalues of Bp.

Suppose that
Qg > > agy, >].+\/E:C¥MO+1>"'>OZM7M1 >1—\@>OZM,M1+1>“->C¥M. (421)

Replacing in (4.21) apro+1 by (1 £ €)an,+1 = (1 £ €)(1 + /¢) for sufficiently small € > 0, the above
monotonicity argument implies the following:
(i) For each 1 < j < M,

caj COéj

S (p) ; (p)
o + T < hmmfskl-s-m-s-kj,l-s-i < lim sup Shytoths i SO+

1<i<k;. (4.22
aj_ J aj_l, ST J ( )

almost surely.
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C(l + 6)O‘]\/Irﬂrl

(1++v/c)? < liminf s,(gi)Jr,,,_FkMOH < lim sup sg)Jr“JrkMOH < (14 €)any+1 + 0+ Janro -1 (4.23)
0
almost surely.
(iii)
(1—ve)? <lminfs? 0 <lmsups”, 4 < (1 0) (4.24)
almost surely.
(iv) For each M7 +1<j <M,
coy . e (p) cay
o + ] < 11m1nf5p—r+k1+...+kj,1+i — o+ ]
! ) ! o (4.25)
<l P , ; < J 1<i<k
<limsups,” x4 + a1 a; + a1 <1<k
almost surely.
Since ( )
. c(1 4+ €)apy+1 9
lim(1 u =(1 4.26
i1+ Janipr + oo — 7 = 1+ V) (4.26)

and the above result is true for arbitrary sufficiently small € > 0, Theorem 1.1 follows for the case when the
parameters are given by (4.21). For the case when ap;_p, = 1 — /¢, the argument is almost identical, and

we skip the details.

4.2 Whenc>1

(From (4.1), when ¢ > 1, the smallest value in the support of F is
zo = (1—+¢c)?>0. (4.27)
Hence Proposition 2.1 (i) implies that

s (1 -2 (4.28)

Since when p > n, at least p — n eigevalues sgp ) are equal to 0, we conclude that

sPl = =P =0. (4.29)

Therefore, (1.19) and (1.20) are obtained.
The proof of (1.17) and (1.18) is similar to the case when ¢ < 1 by using Proposition 3.6 and noting that

an interval [a, b] satisfying condition (f) of Proposition 2.1 is contained in

16}
(700’(1 - \/5)2) U <(1+ \/E)Q,OZMO + mM)) J---u (042 + caz ag + Cay ) U <O[1 + aC 1 oo)7

aMO_l 042—1’ al—l

which is a subset of
supp(Fac )® = (—00, (1 = V&)%) U ((1 + v/&)2, 00). (4.31)
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4.3 When c=1

Since the limiting distribution (1.2) for ¢ = 1 has a continuous density on the interval (0,4), it is easy to see
(1.24).
We first observe a monotonicity of s§p) in n. Let Zp = (Zij), 1 <i <p1 <j<nand let Ep =
%TI}/QZPZI’)TPI/Q. When 7 > n, it is clear that
7B, > nB,. (4.32)

Therefore, if the ordered eigenvalues of Bp are denoted by §1(7p ), the min-max principle implies that

13 > ns'?) (4.33)

J
forall 1 <j <p.
Take 1 = [1%_6] for € > 0 where [z] denotes the largest integer < z. Then for sufficiently small € > 0,

a1>-~->aMo>1—|—\/m>04]\/[0+1>"'>04]w~ (4'34)

By applying Theorem 1.2 and using (4.33), we obtain the following:

e For each 1 < j5 < My,

- (14 €)a; .
lim inf Sl(c]i)+~~+kj71+i > T (aj + le , 1< < ky. (4.35)
almost surely.
[ ]
lim inf (") > 1 14 viTe2 (4.36)

Eit-thkag+1 = 1 Te

almost surely.

On the other hand, take n = [ o } for € > 0. We first assume 2 > apr,+1. Then as ap > 0, for

1—e

sufficiently small € > 0,
ar > >ap, > l+V1i—e>ap41 > >an >1—vV1—g¢ (4.37)
and hence M; = M. By applying Theorem 1.1 and using (4.33), we obtain the following:

e For each 1 < j < M,,

1 1-— ;
lim sup Sg)_;'_..._;,_kj,l-i-i < T (aj + (wj)?j>’ 1 <i<kj. (4.38)
j
almost surely.
[ ]
. 1
lim sup sgfi)Jr,__JrkMo+1 < :(1 ++1 - 6)2 (4.39)

almost surely.
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If apry+1 = 2, then for sufficiently small € > 0,
Q> > Qpy > O+ >1+\/1—€>O[]V[U+2>--'>Oé]y[>1—\/1—€. (440)

Hence Theorem 1.1 implies (4.38) but (4.39) becomes

. ( ) 1 (1 — E)Oqu +1
hmsup SkI;JrV__JrkMOdH S i <OZM0+1 + Tl—ol (441)
0

almost surely.
Therefore (4.35) and (4.38) yield (1.22), and (4.36), (4.39) and (4.41) yield (1.23).
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