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Let {u q; i, i  : I,2, ...} be a family of i. i .d. random variables with E(uf , ) : co. For
posi t ive integers p,  nwith p:  p(n)and pln--+ y> 0 as n -  @, let  Mn:Qln) V^VI,
where V,:(r, iL=i(p,1(r(n, and let 7^^*(n) denote the largest eigenvalue of M^.It
is shown that l im, l*^*(r): co &.s. This result verif ies the boundedness of E(uf,)to
be the weakest condition known to assure the almost sure convergence of A^ r(n)
for a class of sample covariance matrices. O 1988 Academic Press, Inc.

For  each  n :1 ,2 ,3 , . . .  l e t  V , : (u , r (n ) )  be  a  pxn  ma t r i x ,  where  the
D,i(n)'s for i, j arc independent and are identically distributed for all i, j, n
wi th  E(ut  ) :0 ,  E(u t r )  :1 ,  and p-  p(n) ,  w i th  p ln-  y>0 and n+ oo.  Let
Mn- Ol") V"V:. The matrix Mnrs then the sample covariance matrix of n
samples of a p-dimensional random vector.

Several papers have studied the asymptotic behavior of tr^u*(n), the
largest eigenvalue gf M, U-31. In l2l it is shown that A^^*(n) converges
a.s .  ( i .p . )  to  ( I  +  . , /y )2  i f  E( l r , , lu*u)< oo (E( l r , , lo+ '  <  co)  for  any pos i t ive
d. In t3l it is shown that if Vn is the first p rows and n columns of a
doubly infinite affay of ui's, then E(u|r) < oo implies A^^ (n) +u'"'
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LARGEST EIGENVALUE

(1+ ",[rf as n-+ oo. In this paper we wil l  show the boundedness of E(uf,)
to be the weakest condition on the limiting behavior of ,t-"*( n) for doubly
infinite arrays. In fact, we will show:

I f  {uu; i ,  i :1,2, . . . }  i t  a fami ly of  i . i .d.  random var iables with E(r | r) :  oo
and M,,  l^u*(f l )  are def ined as above with V,:  ( r , ) r( i {p,1(r(  , ,  p:  p(n),
pln -  y>0 as n -+ co, then

F 
r-.. (n) - q a.s.

The result will be established by showing for any M > 0

P ( l ^ ^ * ( n ) >  M  t  i . o . ) :  1 .  ( 1 )

Using the fact that the largest eigenvalue of any symmetric matrix is
bounded below by the largest diagonal element of the matrix, we have

1
A ^ u * ( n ) > - : u 2 r ,  f o r  a n y  i  e  { 1 , 2 , . . . ,  p ( n ) } ,  j .  { 1 , 2 , . . . , n } .

Def i n i ng  A r , :  { u r ; 20 -1<  j <2u ,1< i  { p (2u )  }  f o r  k : I , 2 , . . . ,  we  t he re fo re
have P(A^u^(n)> M 2 i.o.) > P(lure Ao s.t. luul > Mzkt' for infinitely
many k's).

By the Borel-Cantelli theorem, (1 ) will follow if we can show

167

(2 )

( 3  )

I  r  ( fu, ie  At  s . t .  luy l  2 Mzort )  :  .c .
k

The left side of (2) is

I  -  P (1u , ,  I  <  M2k t21eQk)zk - r .

n -+ @ we have for any positive I I l,

p(zu)2k-t>*y4k for al lk sufl iciently large.

Therefore, (1) follows if

|  -  P (Lur , l  <  M2k /21 t /2 t+k_  oo  (0<  y  <  y ) .

I
k

Since p(n)ln-, y >0 as

I
k

Using the re lat ion E(u! , ) ( Io  E(u l t lgw2* iz( turr t  a742&+'vry)*  Mo,  / ,  be ing
the indicator function on the set .4, we have

(4 )I
k

since E(uI) : .o.

i  l4o P( lu , r l  7  Mz*rz )  :  66,
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Using the relation (I - o)u { e-"b, vahd for ae [0, lf, b ) 0 and proper-
ties of finite products, it is straightforward to show

I  1 -  ( 1 -  a o ) u o  <  c o  = = I  a t b r , <  o o  ( a o e  [ 0 ,  1 f ,  b o > 0 ) .
k k

Therefore, (4) implies (3) and we are done.
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