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ABSTRACT

Consider a matrix made up of i.i.d. random variables with positive mean
and finite fourth moment. Results are given on its spectral norm and (if
it is square) spectral radius as the dimension increases.

1. INTRODUCTION

In your favorite computer language, create a 100 x 100 matrix U
full of i.i.d. random variables, uniformly distributed on (0, 1). Compute
A, the Perron eigenvalue, the real eigenvalue of U equal to the spectral
radius (the maximum, in absolute value, of its eigenvalues), guaranteed
to exist for positive matrices. It turns out to be near 50. Why? The
answer depends on the following result.
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Theorem 1.1 ([1],[4]). For n =1,2,..., and s = s(n) for which n/s —
y>0asn— o0, let V,, = (vi;),i=1,2,...,n, j =1,2,...,s, where
vij, 13 = 1,2,...,00, are i.i.d. random variables with E(v;1) = 0 and
E(v?;) = 02 < oo. Then the spectral norm HﬁVnH (where for any
rectangular matrix A, || A|| equals the square root of the largest eigenvalue
of AAT) converges a.s. to (1+ (/y)o as n — oo < E(vf;) < oo. If
E(v};) = oo, then limsup,, HﬁVnH = 00 a.S.

The matrix U is of the form V,, + /,meneg, where V,, is as above with

s=mn,u>0,and e, = ﬁ(l, 1,...,1)T. View U as a perturbation of

T' " a rank-one matrix with positive eigenvalue pn, and exploit a

punepe.
perturbation theorem, such as Corollary 6.3.4 in [3]: \ eigenvalue of A +
E, A normal = the existence of eigenvalue \; of A such that |A—\;| <
|E||. Thus, when un is eventually greater than 2||V,|| (which occurs
a.s., since ||V,]| ~ 20+/n a.s.), a simple continuity argument applied to
the eigenvalues of tV,, + une,el, t € [0,1], will yield \,, the largest
(in absolute value) eigenvalue of V,, + une,el, to be real, positive, with

multiplicity 1, and

A — pun| < Kpv/n with K, 2% 20 as n — oco. (1.1)

T

, ast

(Follow the n continuously changing eigenvalues of tV,, + une,e
moves from 0 to 1. For fixed ¢ they all must lie in the union of the two
disjoint discs in the complex plane centered at the origin and un, both

having radius t||V,||. Necessarily, for all ¢ € [0,1], one and only one

T

eigenvalue of tV,, 4+ une,e,

can lie in the disc centered at pun with radius
|V||, and it must remain real, positive, and larger than all the other
eigenvalues in absolute value.)

We see now where 50 comes into play, since u for our U is simply 1/2.
But A seems to be much closer to 50 than what is quaranteed by (1.1).
Indeed, a simulation of 1000 generations of independent U’s resulted in
Perron eigenvalues ranging between 49.06 and 51.13. (1.1) would place
A merely between 50 — % and 50 + % (using the fact that the variance
of a uniformly distributed r.v. on (0,1) is 1/12).

Compute the spectral norm of U. It cannot be smaller than \. A

relation corresponding to (1.1) can be derived using similar continuity
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arguments from a perturbation theorem on the singular values of rect-
angular matrices, such as Corollary 7.3.8 in [3]:

Let A and B be n x s rectangular matrices, with respective singular
values 01 > 09 > --- > 04, and 71 > 19 > - -+ > T,, where ¢ = min(n, s).
Then for all: =1,2,...,q,

o0 — 7| < [|B — Al

It follows that

A — pyv/ns| < Kpv/n with K, <= (1 +1//y)o asn — oo,  (1.2)

where \,, = ||V, +uy/nse,el]|, and V,,, nx s, y are defined as in Theorem
1.1. But, again, simulations show ||U|| to be much closer than 10/4/3
away from 50.

The purpose of this paper is to provide more detailed information on
the limiting behavior of the spectral radii and spectral norms of random
matrices as the dimension increases, with entries having positive means.
The following theorems will be proved.

Theorem 1.2. Let A, be the largest (in absolute value) eigenvalue of
Vo + ,Lmeneg, where p > 0, and V,, is defined in Theorem 1.1 with s =n
and E(v];) < oo. Then, with probability one, ), is real and positive
(that is, it is the spectral radius of V,, + une,el) for all n sufficiently
large. Moreover,

1
Ap =pun+ X, + —=2,

N

where {Z,} is a tight sequence, and X,, =

S|

Vi - ThUS, by the
1<i,j<n

central limit theorem, A, — un — N (0,02).

Theorem 1.3. With V,, n x s, y defined as in Theorem 1.1, E(v};) < oo
and pu >0

102 n s 1
Vi, + pv/nsenel || = pv/ns + = — (\/j—l— \/j) + X, +—=2Z,
2 s n vn

where {Z,,} is tight, and
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1 D
Xn: — Z Vij —>N(O,O’2).
ns 1<i<n

1<5<s

These theorems obviously account for the small variation of the
Perron eigenvalue and spectral norm of U about 50, the latter being
approximately "72 = 1/6 larger than the former.

Notice results for negative p can be trivially derived from these
theorems.

The proofs, given in the next section, rely mainly on Theorem 1.1,
(1.1), and (1.2), and require little additional probabilistic arguments.
They can easily be extended to allow for complex entries in V,, (the
proof of Theorem 1.1 can be modified to the complex case).

As will be seen, Z,, in either case can be expressed in a form for
which further analysis is possible. A more detailed study of Z,, will
undoubtably yield it to be asymptotically normal.

It is remarked here that a similar result is obtained for the largest
eigenvalue of non-central random matrices of Wigner type, that is, sym-
metric matrices with independent entries on and above the diagonal ([2]),
although with a proof more probabilistic in nature. The techniques used
in the next section can easily be applied to the Wigner case.

2. PROOFS OF THEOREMS 1.2,1.3

For the following, Z, will denote a generic random variable, not
necessarily the same quantity from one appearance to the next, for which
{Z,} is tight.

We start with V,, n x n, satisfying the conditions of Theorem 1.2.
Concentrating for the moment on realizations for which ||V, || ~ 20+/n,
for any fixed realization we assume n is large enough so that \,,, defined
in Theorem 1.2, satisfies HﬁVnH < 1/2. Notice, then, A\,I — V,, is
invertible, and ||(I — ﬁVn)_lH < 2 (use the fact that, for square A,
(I —A)~" =372, A7 whenever [|[A|| < 1). Let f be an eigenvector of
Vp + pnenel corresponding to A,. Then V,,f + el fune, = A, f, which
implies unel f(AI — V,,) e, = f. Multiplying on both sides by e’ we
find (noting that e} f cannot be 0) A, = pnel (I — 5=Vo) 'en.

Write
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An = pn(1 + ﬁeZVnen + /\%eZern + ef(ﬁVn)?’(I — LV, en).

We have |une£(ﬁVn)3(1— ﬁV Y len| < 2unl|(
where K,, — 16(%)3.
For all n > 1 and all realizations, let

B un3/?e T(Aln V)2 (I — ﬁVn)_len if HﬁVnH <1/2
n V(A — pun(1 + ﬁeZVnen + szefVie,)) o.w.

1y
An

Then, since |Y,| < sup |Yx| — limsup|Y,| < 16(2)3 a.s., we have the
k>n n o

tightness of {Y,,}.
We have

E<<%e£vien>2> -

1
n3

E(>_vijvn)®) =
ijk
1

ﬁ(nE(Ufl) + (3Bn(n—1)+ 2n2(n _ 1))04)'

Therefore, {ﬁeZern} is tight, which implies {W/{ZQ elVZie, +Y,} is
tight.

At this stage we have A\, = un + “‘”X + \}—Z (X,, defined in
Theorem 1.2). Therefore, % —1=1 Zn, and the proof of Theorem 1.2
is now complete.

We proceed to the proof of Theorem 1.3, where V,, is n x s. To
facilitate the exposition, we will write V = V,,. Let A = |V +pu+y/nseqel||.
Write V' + p+/nse,el in its singular value decomposition UAV ([3], p.
415), where U is n xn, V is s X s, both orthogonal, and A is non-negative
diagonal, its diagonal elements arranged in non-increasing order. Then
A= A711. Let u, v be the first columns of U ,KT, respectively. Then

Vou+ efy,u\/nsen = uand VTu + egg,u\/nses = .

For the moment we concentrate on a realization for which

V|| ~ (1+/y)oy/s, and n sufficiently large so that ||$ V]| < \}— Then

neither elu nor elv will be 0, A>T — VVT X2] — VTV are invert-
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ible (I denoting the generic square identity matrix), and max(||(I —
VVO LT - =VIV) ) < 2.
We have VIV + efvu/nsVTe, = v — Aeluu~/nses. Therefore

pv/ns(efvVle, + Aelue,) = (N1 — VIV,
which implies
pvns(elvel (VT —VIV) Ve, + Aeluel (N1 — VIV) te,) = elw.
Similarly, we find
pvns(eluel (N1 —VV D) We, + Aelvel (NPT —VVT) 7 le,) = elu.

Noting that eI (A\2] — VIV)"1VTe, = el (N1 — VVT)~"1Ve,, we arrive
at the 2 x 2 system

— ()\21 VVE) Ve, Xel (N2 —-VVT)le, elu [elu
K eI\ —VIV)le, eI(N2T-VVT)"We, J\elv )\ el

S =

T
Since (Zl}%) = 0, it is an eigenvector of the above matrix. Thus
(pv/nsel (NI —VVT) Ve, — 1)2
= A2l (NT —VV ) le, el (N2 — VIV) e, uPns,
which implies

el (I — %VVT) enel (I — —QVTV)
(EYBET (] — LVVT)-1Ve, — 1)2

A2 = u’ns

For the following K, will denote a generic positive constant con-
verging to a constant not depending on the realization.
Notice |“‘/\/§"_56T(I — = VVT)We,| < Kn\/— Write

M\/_ oL T Hyms
e (I—EVV) VS— )\2 X, +Y,,

where X, is defined in Theorem 1.3, and
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JIRVALE 1

Y5 el VVI(I - pVVT)—lves.

Y, =

Notice |V, | < Kp—75.

Write eg( —%VVT)_len = 1—|—§X7§,Jl), where XT(LD = %eZVVTen—I—
Vi v = LeT (VYT (I - LVVT) e, and eT (I — 5 VTV) e, =
1+ %XT(,?), where XT(L2) = %ef{VTVeS + YTS2), YTSQ) = %ef{(VTV)Q(I —
%VTV)_leS. Notice XT(,,l),X7§,,2),Y7§1),YTE2) are non-negative, with
max(X, X\V) < K,,, and max(¥,", v,{V) < K, L.

For all n sufficiently large, we have

B /,L\/nS\/(l + %Xﬁl))(l + %XT(,?))

1 - (,u,\<2n_an + Yn)

A

Using [v1+2z — (1 + 32)| < g2? for z > 0, | = — (1 + 2)| < 222
for |z| < 1, and arguing in the same manner in the proof of Theorem
1.2, we find for all n > 1 and all realizations

]_ HA/ TS T T T A/ TS 2 ]_
- = n ——=4n-
A= puyv/ns + 5 2 (e, VV¥ie,+es V' Ves)+ 3 X, + \/HZ

Write

1 1
elVvTe, +eVIVe, = (= + ) U?j + A,
n S =
ij

where 1 ]
An = — Zvijvij + - Zvijvij.
n — s -
i#L J#3
J i
.. 1 2 2 . . .
From the central limit theorem {-- Z(U%’j — 0°)} is tight, and since
]

LE(42) = o({n=ps 4 (S;?n), we find {ﬁAn} to be tight. Therefore

n?2

1 ,py/ns(n+s) pyms\ 1
= uv/ns + - VRS X, + —=2Z,.
A= u\/ns + 57 2 + X + n
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Since A = puy/ns + Z,, we find

(B 1 o () L

This completes the proof of Theorem 1.3.
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