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Abstract

We consider a class of matrices of the form C),, = (l/N)A,ll/ZXanX;A,lz/Q, where X, is an nx

N matrix consisting of i.i.d. standardized complex entries, A% isa nonnegative definite square-
root of the nonnegative definite Hermitian matrix A,,, and B, is diagonal with nonnegative
diagonal entries. Under the assumption that the distribution of the eigenvalues of A, and
B,, converge to proper probability distributions, as & — ¢ € (0,00), the empirical spectral
distribution of C,, converges a.s. to a non-random limit. We show that, under appropriate
conditions on the eigenvalues of A, and B,, with probability 1, there will be no eigenvalues in
any closed interval outside the support of the limiting distribution, for sufficiently large n. The

problem is motivated by applications in spatio-temporal statistics and wireless communications.

Keywords : Empirical spectral distribution, Stieltjes transform, separable covariance, CDMA,
MIMO.

'Paul was supported by the National Science Foundation under Agreement No. DMS-0112069, as part of a
research fellowship from SAMSI.

ZSilverstein’s work is supported by U.S. Army Research Office under Grant W911NF-05-1-0244
This material was based upon work supported by the National Science Foundation under Agreement No. DMS-
0112069. Any opinions, findings, and conclusions or recommendations expressed in this material are those of the
authors and do not necessarily reflect the views of the National Science Foundation.



1 Introduction

The aim of this paper is to extend the result in Bai and Silverstein (1998) to the eigenvalues of a
more general class of random matrices, specifically matrices of the form

Cn = (1/N)AY2 X, B, X AL/?,

where for n = 1,2,..., X, isn X N (N = N(n)) consisting of i.i.d. standardized complex entries

(EX1; = 0, E|X11? = 1), A s a nonnegative definite square root of the n x n Hermitian
nonnegative definite matrix A4,, and B,, = diag(bi, ba,...,bx), each b; > 0. The matrices studied
in Bai and Silverstein (1998) assume B,, = Iy, the N x N identity matrix. In that case C,, can
be viewed as the sample covariance matrix consisting of N samples of the random vector A%/ ’X 1
(X.1 denoting the first column of X,,), which has population covariance matrix A,. The matrix C,
can then be interpreted as the sample covariance matrix consisting of N weighted samples. There
are other ways to interpret the matrix, being important in various applications. One example is
the spatio-temporal sampling model to be described in Section 1.2.1. In wireless communications,
H, = (1/VN )A,ll/ ’x,BY ?_ for general nonnegative definite matrix B,,, is used to model the path
gains between different groups of antennas in a multiple-input-multiple-output (MIMO) system
(Section 1.2.2). It is typically assumed that X;; is complex Gaussian (real and imaginary parts
independently distributed as N(0,1/2)), in which case the square of the singular values of H,, has
the same distribution as the eigenvalues of C), (the b;’s being the eigenvalues of B,,).

1.1 Statement of the result

Results have previously been obtained on the limiting behavior of the empirical distribution func-
tion, FO, of its eigenvalues (F"(x) = (number of eigenvalues of C,, < x)/n), (Burda (2005),
Zhang (2006), Boutet de Mondvel, Khorunzhy and Vasilchuck (1996)), with differing assumptions
(the weakest appearing in Zhang (2006)) and varied (but equivalent) forms of expressions for the
result. The following limit result is expressed in terms of the Stieltjes transform of F¢, defined
for any distribution function G as

1

mg(z):/)\ dG(\), z€C'={zeC:S3z >0}
—z

Assume that the empirical distribution functions, F4» and FB~, converge weakly, as n — oo, to

probability distribution functions, denoted respectively by F4 and FB, and ¢, = n/N — ¢ > 0.

Then, with probability 1, F¢» converges weakly to a probability distribution function F whose

Stieltjes transform m(z) = mp(z), for z € CT, is given by

1
m(z) = dFAa, 1
) /abecbedFB(b)—z (@) @

where e = e(z) is the unique solution in C* of the equation

— a A
e_/af b dFB(b)—zdF (@) @)

1-+cbe

It is remarked here that the result in Zhang (2006) covers arbitrary Hermitian nonnegative definite
B,,. Moreover, the assumption of identical distribution of the entries of X, is weakened to a
Lyapunov-type condition.



As in Bai and Silverstein (1998), the purpose of this paper is to prove, with additional assump-
tions, the almost sure non-appearance of eigenvalues of C), in any interval away from the origin and
outside the support of F' as n — oo. Before the result can be formally stated we need one more
definition. Let F¢4n-Bn denote the distribution function whose Stieltjes transform is given by (1)
replacing ¢, F4 and FB with ¢,, FA» and FB~, respectively.

The following will be proven:

THEOREM 1: Assume the following:

(a) Xij, i, = 1,2,..., are i.i.d. complez-valued random variables with EX11 = 0, E|X11]? = 1,
and E|X11]* < .

(b) N = N(n) with ¢, =n/N — ¢ >0 as n — oo.

(¢) For each n, A, isnxn Hermitian nonnegative definite, and B,, = diag(by,...,by) is N x N,
each b; > 0, satisfying F4n 2, FA, FBn D, FB, both limits being probability distribution
functions.

(d) ||An]l and ||Byl|, the respective spectral norms of A, By, are bounded in n.

(e) Cp = (1/N)A}/2XanX;;A}/2, where AL/? any Hermitian square root of An, X, = (Xij),
i=1,2,....n, j=1,2,...,N.

(f) The interval [a,b] with a > 0 lies in an open interval outside the support of FevAnBn for all
large n.

Then,
P(no eigenvalue of Cy, appears in [a,b] for all large n) = 1.

The applicability of Theorem 1 depends on finding a way to determine the intervals outside
the support of F¢nAn:Bn  ag it exists for sample covariance matrices (Silverstein and Choi (1995)).
In the latter case, the limiting Stieltjes transform m(z) has an explicit inverse z = z(m). It is
straightforward to verify that a Stieltjes transform is increasing on intervals on the real line outside
the support of its distribution function. Its inverse therefore exists on these intervals and is also
increasing. Therefore plotting z(m) for m real, and locating on the vertical axis places where the
inverse is increasing, yield intervals outside the support. There does not appear to be an explicit
inverse for (1). Nevertheless, preliminary work indicates a way to determine an inverse of m(z)
associated with an interval outside the support of the limiting spectral distribution. This has been
established in the case of another class of random matrices (Dozier and Silverstein (2007)). Work
in this area is currently being pursued.

1.2 Motivation

Our results give information on the behavior of individual eigenvalues. Results describing only
the limiting behavior of the empirical spectral distribution provide information on the proportion
of eigenvalues falling in any interval. But these results do not rule out the possibility of o(n)
eigenvalues scattered outside the support of the limiting empirical spectral distribution. The goal
of our research is to establish that such a phenomenon does not occur for large enough n. Further
research in our framework would allow for precise description of the location of the eigenvalues. In



particular, we expect that the results proved here will be key to proving certain phase transition
phenomena observed in the context of sample covariance matrices with B, = Iy and A, having a
few large isolated eigenvalues (Baik and Silverstein (2006), Baik, Ben Arous and Péché (2006), El
Karoui (2006), Paul (2007)).

1.2.1 Application to spatio-temporal statistics

The data model we are considering here arises in the field of spatio-temporal statistics, where the
rows of the n x N matrix U,, = A}/ QXnB,I/ 2 correspond to indices of spatial locations and the column
indices correspond to points in time. This class of models is also known as the separable covariance
model. This is because, under the assumptions made here on the entries of X, (i.i.d., mean 0, finite
fourth moment), the joint (space-time) covariance of U,,, viewed as an Nn x 1 vector consisting of
the columns of the matrix U, stacked on top of one another, is given by Xy, = A, ® B, where
® denotes the Kronecker product between matrices. Note that, if we further assume Gaussianity
for the entries of X,,, then the joint distribution of U,, is Ny, (0, 4, ® By,). Also, in that setting,
we do not require A, and B, to be diagonal, but only that they are nonnegative definite. The
interpretation of this covariance structure is that the entries of U,, are correlated in time (column),
but the pattern of temporal correlation does not vary with location (row). In other words, there is
no space-time interaction in the process.

One advantage of this model from a statistical estimation point of view is that, when N is large
and n is comparatively small, so that & — 0 as n — oo, it is possible to get quite reliable estimate
of A, from the sample covariance matrix C,, = +U,Uj;. Indeed, in that setting, if moreover || 4, |
is bounded above, it is not hard to verify that || C;, — % (tr By)A, ||— 0 a.s., as n — oo. So, the
spectral properties of A, can be recovered from that of the spectrum of C,. Of course, the key
questions we are addressing here relate to the situation where § — ¢ € (0,00). The behavior of
the empirical spectrum in that setting is hitherto unknown.

The results and techniques presented in this paper may prove useful in this problem for a number
of different reasons. A statistical problem related to such spatio-temporal processes is to understand
the temporal variability of the spatial field. One of the approaches for understanding the temporal
variability is to perform an eigen-analysis (in space) of the sample covariance matrix C,,. This is
because, the weights of the different eigenvectors of C),, in representing the columns of U,, (principal
components scores), vary in time. These weights therefore capture the temporal variability of the
orthogonal components (eigenvectors of C),) of the spatial process. The eigenfunctions thus obtained
are usually referred to as empirical orthogonal functions (particularly in climatology, see, e.g. von
Storch and Zwiers (1999)). Understanding the asymptotic behavior of the sample eigenvalues and
eigenfunctions therefore is a relevant question, since, under the separable space-time model they
give a set of orthogonal components, and their relative strengths, of the spatial variation of the
process.

1.2.2 Application to wireless communication

In wireless communications, H, = (1/v N )A,ll/ X, By ?, for a general nonnegative definite matrix
By, appears in a variety of models, including both direct-sequence and multiple-carrier code-division
multiple-access systems (Tulino and Verdu (2004), sections 3.1-3.2), and in multiple-input-multiple-
output (MIMO) systems (Tulino and Verdu (2004), section 3.3). The importance of acquiring more
detailed information on the singular values of H,, beyond what the limiting empirical distribution
((1), (2)) reveals, which has been primarily used to estimate capacity, is becoming more apparent.



For example, in Verdd (2002) an estimate of capacity requires knowledge of the largest singular
value of H, which Theorem 1 provides. Indeed, the a.s. convergence of the largest singular value
of H, is an analog of the corollary to Theorem 1.1 in Bai and Silverstein (1998) and readily
follows from Theorem 1 using similar arguments. Another example is in MIMO systems, where
H, models the path gains between different groups of antennas. It is typically assumed that
Xi1 is complex Gaussian (real and imaginary parts independent N(0,1/2)), in which case the
square of the singular values of H,, has the same distribution as the eigenvalues of C,, (the b;’s
being the eigenvalues of B,,). The matrices A, and B, are the covariances between the receiver
and the transmitter antennas, respectively. They reflect the scenario involving these two groups
of antennas, for example, their locations, and the nature of the interference encountered due to
their surroundings. The singular values of H,, or equivalently the eigenvalues of C),, indicate
several important properties of the communication scheme, due to the fact that any information
on H, yields ways to allocate the transmitted signal in an optimal way. For example, if there is
a significant number of small eigenvalues, transmission can be achieved after performing a unitary
transformation, on the left and/or the right side of H,, resulting in a reduced number of virtual
parallel antennas with little correlation between them. When the number of antennas is sizeable,
knowledge of the eigenvalues of C),, depending only on A, and B,, is gained to some extent
from the limiting F'. It yields the proper proportion of eigenvalues within any interval. However,
Theorem 1 is a step toward knowing the location of all the singular values, which provides much
more information. For example, it can ensure that no lone eigenvalue above or below the limiting
support exists. The importance of Theorem 1 lies in the determination of spectral behavior of C,,
entirely through A,, and B,.

The essential portion of the proof of Theorem 1 will proceed in the following sections. The
main tools used in the proof are properties of Stieltjes transform and bounds on the moments of
martingale difference sequences. The results to be obtained here are analogous to those in sections
3-5 of Bai and Silverstein (1998), namely, we will show

sup |mp(z) = m(2)| = o(1/(nv,)) as., (3)
z€[a,b]
where
M = Mn(2) = mpen (2) = (1/n)tr (Cp, — 2I) 7 (4)
is the Stieltjes transform of the empirical distribution function of the eigenvalues of C),,
My = 1 (2) = Mpen,An.Bn (2) (5)
and z = z + iv,, where v, = kn /10 k an arbitrary positive constant (fixed for all n).

The steps needed to conclude Theorem 1 from (3) are identical to those in section 6 of Bai and
Silverstein (1998), except for the fact that in the latter paper v, = N —1/68 In particular, following
the same arguments one can prove that, if a’,b" are such that a’ < a, b < V/, and the interval [a’, V']
also satisfies condition (f) of Theorem 1, then

Lot p)ed(F O (X) — FemAn B (3))
rela | ey s s B ey
7}140
" N E%b, 2+ 02)((z — Aj)? : 202) - ((x — A\)2 + T002) | o(1), as.  (6)



where the A;’s denote the eigenvalues of C,. From this, using the fact that the integral in (6)
converges a.s. to 0, one can argue that, with probability one, no eigenvalue of C), appears in [a, D]
for all sufficiently large n.

Before proceeding, we simplify here some of the assumptions. It is clear from assumption (d) of
Theorem 1 that, we can without loss of generality assume throughout that max{||A,||, ||B.||} <1
for all n. Also, the argument given at the beginning of section 3 of Bai and Silverstein (1998) carries
through in our case. Specifically, for any C' > 0let Yi; = Xi;1(|x, 1<) —EXijl(|x,;<0) (where I4 de-

notes the indicator function on the set A), Y, = (¥35), i <n, j <N, C, = (1/N)A,11/2YanY;A,1@/2,
and A, Ap the respective eigenvalues of C,, and C,, in nonincreasing order. Then as in Bai and Sil-
verstein (1998), using the main result in Yin, Bai, and Krishnaiah (1988) on the largest eigenvalue

of (1/N)X,X;, we have, with probability 1

lim sup max |)\,1€/2 — 5\,1{/2| < (1+ \/E)E1/2|X11|21(|X11‘>C),
n—oo k<n
and because of assumption (a) we can make the bound on the right side arbitrarily small by choosing
C sufficiently large. Thus we can assume that the X;; are uniformly bounded.

The rest of the paper is organized as follows. In Section 2, we give the key steps to the derivation
of the integral equations for the limiting Stieltjes transforms of associated spectral measures. In
Sections 3 and 4 we will show, respectively

zt[lpb] Imn(2) — Emn(z)| = o(1/(nvy))  a.s. (7)
and
msel[lapb] [Emn(2) —mp(2)] = O(1/n). (8)

Some mathematical tools needed in proving these results are given in the Appendix. Throughout
this paper, K denotes a universal constant whose value may vary from one appearance to another.

2 Integral representation of Stieltjes transforms

Write X, = [X.1,..., X .n], and let y; = (1/\/N)A711/2X.j. Then we can write

N
Cp = Z biy;y; -
j=1

Fix ze Ct ={z =2+ iv € C:v > 0}. Define

en = en(z) = (1/n)tr A, (C,, — zI)*l, (9)
and N
_ _L b _ —b B
Pn= Nz z:; 1+ cpbjen N / z(1+ cnben)dF (). (10)

Write Cp, = OAO*, A = diag(A1, ..., \y), in its spectral decomposition. Let 4, = {a;;} = O*4,0.
Then n
en = (1/n)tr A, (A — 2I)~* = (1/n) % (11)
i=1 """



We therefore see that e, is the Stieltjes transform of a measure on the nonnegative reals with total
mass (1/n)tr A,. It follows that both e,(z) and ze,(z) map C* into C*. This implies that p,(z)
and zp,(z) map C* into C*, and as z — oo, 2p,, — —(1/N)tr B,,. Therefore, from Lemma 5 we also
have p, a Stieltjes transform of a measure on the nonnegative reals with total mass (1/N)tr By,.
It follows that e, and p, are bounded in absolute value by v=!(1/n)tr A, and v=(1/N)tr B,,

respectively.
More generally, from Lemma 5 we have any function of the form
—b
z(1+m(z))’

where b > 0 and m(z) is the Stieltjes transform of a bounded measure on R*, to be the Stieltjes
transform of a measure on the nonnegative reals with total mass b. It follows that
—b ‘ b
2(1+m(z))
Let C(j) = Cp — bjy;y;. We may, without loss of generality, assume that max(|[ A, ||, [| Bn|) < 1
Write

(12)

N
Cp — 2zl + 21 + zp, A, = Z bjyjy; + z2pnAn.
j=1
Taking inverses and using the definition of C, and C';), we have

(Cn — zI)_1 + (21 + zpnAn)_1

N
= Z bi(Cp —2I)~ yjy;(zl + 2pnA) 7L+ 2pn(Cp — 2I) 7 AL (21 + 2pp, A)7E
N * -1
(Cyy —2I)~ Yysys (21 + zppA)
= b; 9 J + zpp (Cy, — 21 A, (21 + zZppA _1,
Z 7 + by (Cyy — 21) 71y, ( ) ( )

where the last step follows from Lemma 1 in the appendix.
Taking traces and dividing by n, we have

N
1 1
n(2) — dFAn = bidj =wm,
m (2) / af 1+cibendFBn(b) — 5 (a) N ; J w,,
where
Y AP 4 paA) T (C) — 2D T A (1)t (G — 21) M A (T 4 pada) !
J (1 + b]yj (C( )~ ZI) ) Z(l + cnbjen) .

Multiplying both sides of the above matrix identity by A,,, and then taking traces and dividing by
n, we find

where

o WUma AT 4 padn) " An(Cl) — D) Ay ()t An(Co = 21) " An(] + pan)
7 Z(l + bjy;‘(C(j) — zI)_lyj) 2(1 + cnbjen) '



2.1 Bound on the approximation error

Notice that for each j, y; H(Cyy — 21 )t y;j can be viewed as a Stieltjes transform of a measure on

R*. Therefore
1

(1+bjy](C'( )—ZI) )

For each j, let e(;y = e(jy(2) = (1/n)tr Ay (C(;) — 2I)~!, and

1
< =
v

—b B,

both of course being Stieltjes transforms of measures on R™, along with the integrand for each b.
Using Lemma 1 and Lemma 2(a) in the appendix, (12) and the fact that || By, ||[< 1, we have

/ i dFBr(b)| < den (13)
2(1 + enben) (1 4 cnbegjy) — nod’

In order to handle both wy', d; and wy,, d; at the same time, we shall denote by E,, either A, or
I, and wy, d; for now will denote either the original wy', d; or wy,, dj-.
Write d; = djl- + d? + d? + d;*, where

P _p(j)| = len — e(j)|cn

o (s AP+ ppAn) Y EL(Cyy — 21) 7 AY P
J z(1+b;y5(Cyy — 2I)1y;)
(1/n)aA /(I+p VAR) TLEL(Cy — 21) LA

(l—l-bjy](C() z ) 1%) ’

o Ui AT+ pgy An) " Ba(C) — 2D Al
! 2(14b55(Ciyy — 21)1y;)

l/n)trE (Cyy—2I)71A (I—i—p( 7AR)

2(1+b;y5 (Cry) — 1) 1y;) ’

(1/n)tr B, (Cyy — zI) A, (I—i—p(])A )t

3
b= 0+ by (Cy — 2D 1)
/) By (G 2D AL+ )
(1—|—be (C()—ZI) ) ’
and
A = (1/n)trEn(Cn_ZI)ilAn(I‘i‘pnAn)il

<.

2(1+ b5 (Cy) — 21)7y))
~ (/n)tr By (Cp — 2T AL (I + pdn) ™t
z2(1+ cpbjen) )




For the rest of this subsection, we assume that for all n large, v = v, = kn° for some x > 0 and
0 > 0. We wish to show that for all § < 1/4, for arbitrary subset S,, C R containing at most n
elements, and arbitrary positive £ and e, we have

P(max |w, v 12 > €) < Kpe Hn2t(1-349) (14)
TESH

by proving the same bound on each of

* s, 41>

for i = 1,2,3,4. Note that the constants K; and K, (appearing later) are positive constants.
We begin with djl-. We get from Lemma 2(c) and (13),

dl| < 1 deq 1 [IX5)716 _ 64cf [|X 17
N ! n

From Lemma 3 it is straightforward to argue that for p > 2
E||X;|* < KpnP.

Therefore for p > 2

X j|*64¢} N
P( max |djl-|v512 >€) < nP <maXH]‘C” > 6) < Kp(Le_p.

J<N,z€S, <N nZubd not9)p

For d? we use Lemma 2(a) and Lemma 3 to get, for p > 2,

1
—12 32|p —13p, —p/2,,—2p _
Elv, “dj|P < Kpv, Pn P v, P = K, (17T
so that for e > 0, p > 2
2|, —12 p_ NN
P pax, ldjlon™ > ) < Kope ™ or ey
Using Lemma 1, Lemma 2(a), 2(b), and (13) we have,
K 1 1 1
ol < 1 (2 + 6> <Ko
vp3 \nv2  nol nu}
Therefore for any p > 1 and € > 0
N
3112 < *PL'
P(jé?\fl,%)eisn djlon™™ > €) < Kye (nvt9)P

Finally, for d;*, we use Lemma 1 and Lemma 2(a) to find:

n

_ 4 \ _ _ _
4}, < <55 (I(L/m)X5A(C = 21) 7 Xy = (Un)tr Au(Clyy = 2D) 7|+ (nwa) ™).

n



Therefore, by Lemma 3, for any € > 0, p > 2, we have

P 4,,—12
(jgﬁg)e(sn'd]'% >©)

4 N _ _ € - -
< Z [}P’ <,Uua|(1/n)X~jA”(C(j) — 207X — (1/n)tr Ap(Cjy — 21I) > 2) + Kpe P(nolh)™?

jSNaxeSn n
niN

S er—Pi
(n120fT)7”

which, for § € [0,1/4], can easily be verified to be the largest of the four bounds. Therefore, (14)
holds.

2.2 [Existence, convergence, and continuity of the solution

We can at this stage provide a proof of the existence of a unique e with nonnegative imaginary part
satisfying (2) for any z = x +4v, v > 0, and the a.s. convergence in distribution of F» to F. We
also show the continuous dependence of e on F4, FB and c. We see from (14) with § =0, k = v
and ¢ > 3 we have

1

a

en(Z) - / af 1+c:bendFBn(b) —

dFA(a) and  mp(2) —/ dFA"(a)

converge a.s. to zero. Consider a realization for which both convergences to zero occur on a
subsequence {n;} for which e, converges, say to e. Because of (12), we have, by the Dominated
Convergence Theorem (DCT)

—b —b
bn = / z(1+4 cnben)dFBn () — / z(1+ cbe)dFB(b) =P

and

@ Ang) = [ — % gpang
/afmibendFBn(b)—zdF (a) /z(1+cnapn)dF (a)
- /Z(ljracap)dFA(a)
= /af : daFB(b)—zdFA(a)

1+cbe

along the subsequence. Thus e is a solution to (2).
From uniqueness of e, proved below, we must have convergence of e,, to e on the whole sequence.
Therefore, again by the DCT we have

mp

1 A
(z)ﬁ/ah&bedﬂ(b)_zdp (a).

This event occurs with probability one, and for a countable number of v’s with a limit point. Since

the limsup of the largest eigenvalue of C,, is a.s. bounded by (14 +/c)? (by Lemma 4), the sequence
{FC»} is almost surely tight. Therefore, FC» converges in distribution to F' a.s.

10



For probability distribution functions F4 and FZ on [0,1] and ¢ > 0, let e = e(2) be a solution
to (2) with FA FB_¢replaced by F4, FB, and ¢, respectively. Assume that ¢ < ¢. Then we have

e /af . dC;B(b)— d(I* (@) ~ F4(a))
1+cbe - z
2 b B B
@ | 1+cbed<F*<b>—F (®)) )
N dF*(a
! (a [ 25 dFB(b) — 2)(a [ e dFE(b) - 2) (e)
a f 1+cbe)(1+cbe)dFB(b) A
t—¢ dF*(a e—e),
+( )/ f 1+CbedFB(b) 1+cbedFB(b) o Z) ( ) + IY( 7) (15)
where , i
_ @ [ e P 0) N
= / a [ i dFB(b) — 2)( f1+gbngB(b)—z)dF (@).

Notice that by (12), the first integrand in (15) is bounded in absolute value by 1/v, the second by
|z|/v3, and the third by |z|?/v°. Let ey and e, denote the imaginary parts of e and e. Then we
write

/ a(aces [ ﬁdlﬂg(b) + )
€y =

dFA(CL) = e2¥ +Uﬁ7
la [ 1+bcbedFB(b) — z|?

and

dF4(a) = eya + vP.

2
/ a(ac e, [ ufwdFﬁ(b) +v)
€y = —
’ la [ 1+bcbedF§(b) — 2]

By Cauchy-Schwarz inequality:

2 b2 B 12 2 b2 B 12

ca fmdF (b) ca fmdF*(b)

| < / b|+ | i [Tche | arn
o f TmdFB(b) — 2 ’chbedFB(b) 2|

1/2
ca® [ s dFB (D) 2 [ B2(1 + che|2dFB(b
< | [ e gy | ([

o [ i dFB(b) — 2 o [ 1y dPE(D) - 2|

1/2 1/2
B erax ey
a <62a—|—vﬁ> <62a—|—vﬁ> '

Notice that for v small we have by Lemma 2(a)
b? b 4c
< ——dFP(b) = -3 [ ———dFP < —.
eQa/ﬁ_@c/\l—i-de (®) \s/l—kcbe o

1/2

/‘Ca f1+cbe|2dFB(b)2dFA(a) :< €20 >1/2

J e dFP(®) - 2 2ot

Therefore

11



(e NP (e NP
v+ eqa/ — \v2+4c -

for v small, and for some positive constant K. A corresponding bound obviously exists for the
other factor making up the bound on ~, so we conclude that for v small

7 <1-Kv? (16)

for some positive constant K.

We see then that (15) and (16) together reveal two things: uniqueness of solutions to (2) (with
FA=FA FB = FB and ¢ = ¢), and continuous dependence of solutions to (2) on F4, FB under
the topology of weak convergence of probability measures (which follows from the DCT), and c.

2.3 Bound on the difference between Stieltjes transforms

At this point on we assume that v, = xkn % with § € (0,1/35], so that v, — 0 as n — oco. The
main goal in this subsection is to prove the following:

P(m%x v my —m8| > €) < Kyetn %% for t > 280. (17)
xrESn

0

a(z) (with z = x 4 dv where v > 0 is arbitrary) a unique solution to

We have el = e

— a An (g,
e_/af1+gnbedFB"(b) _ZdF @ "

Let m? denote the Stieltjes transform of Fe»4nBr_ Then,

1
md =ml(z) = / dF*4n(a). (19)

Let eg, ea, mg, my denote the imaginary parts of €2, e,,, m9, m,, respectively. Also, let w¢ and
wy,' be as defined earlier in Section 2.1. Then

2
0 / alacned [ M:LwdFB” (b) +v)
62 —

@ [ Trorpey dF B (b) — 2|

/ a(acpes [ mdFB" (b) +v)
€9 =
la [ T2 dFBn (b) — 2

dFA(a),

2
mO B / acneg f “-‘f‘Clr)LWdFBn (b) + v
9 =
|af mdFB"(b> — Z|2

dFA»(a) + Sw™,

2
/ acpes [ 7|1+ciben|2 dFBn(b) +v
mo =
o [ Trorge, dF P (b) — 22

and as above we have
0 e
en — e, = (en — en)ln + w;,

12



where
1/2 1/2

v,l < / e | |1+cnben| dFBn(b)ngA”(a) / CnanMWdFBn(b) dF"(a)
‘ dFBn(b) — z( ] Treper AFP (b) — Z‘

1+cnben f 1+cnbe

Using the argument leading up to (16), we have for small v > 0,

1/2

Cna e dF B (b) 4 1/2
l/ fu+ bmz 2dFA%a) < <2—SL:> <1-Kv?
v n
o) Ly AP () — 2

for some positive constant K.
Let p1,, = n%/%. Therefore we have Vps — 0.
Let Amax denote the largest eigenvalue of (1/N)X, X, and let K1 > (1 + /c)?. Since

for fixed A and |z| large, we have for all n large

Ly3 (20)

whenever |z| > pnv,? and Apax < Ki. Notice that, since max{|e,|, [e)|} < v,,* 1trA n, Whenever
(1/n)tr A, < viu.! we have

len — enl < 3,

v, 3en — €] < 204 (1/n)tr A, < 2u;,t (21)

Now, let «, B be such that es = eaax + v, 8 + Sws,. Then

dF4(a) = .
dFBn(b) — 22 (@) eaax + vy 8 + Swg

/ cn? [ e dF P (b) erax
) 1+cnben
Using Cauchy-Schwarz we have
leal < BY2((1/n)tr An)'? + Ju .

Next, as in Bai and Silverstein (1998) p. 329, for all n large |e,| > Sun w3 (1/n)tr A, whenever
2] < pnv,? and Apax < Kj. So, for all n large, whenever |z| < 0,2, |wé| < vl2) Apax < K1, and
(1/n)tr A, > vau, ! we have

%Mgl 3(1/n)tr Ay < len| < BY2((1/n)tr Ap)? + || < BY2((1/n)tr Ap)Y? + pavd (1/n)tr A,,.

Therefore

S O )t A < (1fm)tr An (G e = onelS) < 821 )t A2,

from which we get

1 -
B> ol

13



Therefore

',_n

un B+ Swy, > g¥n optp 3 — ol >0,

and so
len — 0] < K1, 2jws| < K1l
Thus, combining this with (21) and (20), we have, for all n large

-3 0 —-1,.7 -1 —4
:IE%%X Uy, |€7l - en‘ <K Up, + 3un + 2vn :I;Iéasx([[|w%|>v}ﬂ + I[)\max>K1])‘

Therefore, for these n, and for any positive € and ¢ we have

P e, — eV >
(gé%fv len — €en] > €)

< Kl <n—75t +n 0 4 v,;“[xp(masx |wE v 12 > 1) 4+ P(Amax > Kl)]>

rESH
< K tnm0U4 (22)
where the last step follows by replacing ¢ with

Lot +2
1—346

in (14) and ¢ with 176¢ in Lemma 4. Taking the difference between m,, and m{ and using Cauchy-
Schwarz, we get

[, — m9L|

1/2

SdFA (a)

e ‘ / nf |1+cnben|2dFB”(b) / CnQ f \1+cnbeo|2dF (b)

2dFAn(a)
1+c ben dF5(b) = = af 1+cnbeo dFBn(b) — =

+ |wy]-

As before, we have the second factor on the right bounded above by 1, while by Lemma 2(a) the
3/2

first factor is bounded above by 4c;/ “v 2. Therefore, for any positive € and ¢ we get from (14) and
(22),

P(max v, m, —ml| >¢) < P(maxuv;, e, — 9| > e(2¢1/?)71) + P(max |w™ v, > €/2)
xESn CDESn xESn
< Kte—t max(n_‘st/‘l, n2—t(1/2—176))' (23)

Now it is easy to verify (17) from (23).

2.4 A rate on F¢ outside the support

Let Ey denote the expectation, and E; denote the conditional expectation with respect to the o-
field generated by {y1,...,yx}. Also, let € > 0 be such that [¢’,V'], with @’ =a — e and b’ = b+ ¢,
also satisfy condition (f) of Theorem 1. The goal of this subsection is to prove the following bound:

gg%E%(FC”Qa V)% = o(v?), as. (24)

14



Suppose that the n elements in S,, are equally spaced between —y/n and y/n. Since, for |x; —
zo| < 20712

-1/2, 2
2n vy,

27171/22172

n

| (21 + 1v,) — mp (22 +ivy,)| <
Im2 (21 + ivy) — ml(xg + ivy,)| <

and when |z| > /n, for n large enough, for K; as in Lemma 4,
[mn (2 + ivy )| < on 1/ + v'r:l][)\max>K1]
and
|m0 (z + iv,)| < 20712,

Therefore, for all n large

0 0 —-1/2, -2 -1
sup [y, — mp| < max [m, —mp| 4+ 40”20 o s ),
z€R TESy

and hence we conclude from (17) and Lemma 4, that for these n, and for any € > 0 and ¢ > 280,

1
0<6< 5,

P(v;sup [my, — ml| > €) < Kye H(n=0* 4 n~tH1/2730)) < [t 0/, (25)
zeR
Since for any r > 0,

Eg(v,” SUE | (2 + dvy,) — m%(a} + iv,)|"),
A

for k =0,1,...,n forms a martingale, from Jensen’s inequality it follows that for any ¢ > 1,

(Ex(v," sug | (z + ivy,) — m?l(:v + ivn)\r))t
S

for k =0,1,...,n forms a submartingale. Therefore, from Lemma 2.5 and Lemma 2.6 of Bai and
Silverstein (1998), and (25), for any € > 0, t > 1, and r > 0, so that 2rt > 280, we have,

P(max Ey, (v, " sup |my, (z + iv,) — md (z 4 iv,)[") > €)

k<N z€eR
< e R(v, " sup |mp (z + ivy) — ml(x + ivy)|™)
z€R
< 2K IOt/ (26)

whenever ¢ € (0,1/35]. From this, it follows that with probability 1,

max By (v, " sup |my, (@ + iv,) — m2(z 4 iv,)|") — 0. (27)
k<N TzeR

Let Ay > ... > A\, be the eigenvalues of C},, and write
Mg =gty j=1,2,

njs
where j = 1 refers to the real part of m,, and j = 2 refers to the imaginary part of m,,, so that
1 v
out . _ = n
mes (x4 iv,) = N Z (

x— N2+’
Aj€la’ ] i) n

15



and
1

T — N\
mott(z+iv) = — Y
N N (= Xj)2 402

Similarly, write mY; and mY, to mean the real and imaginary parts of m%. By (27), with probability
1, we have
max By (v, " sup |[mpa(z + ivy) — mOy(z + iv,)|") — 0. (28)
k<N zeR

Define the sequence {Gq}g‘;l of functions on R? by
Gyt (1) (71 72) = B F O (20) FO (),

for kK =0,1,2,...,N(n). Clearly, each G, is a probability distribution function on R2. Also, for
q= Z?;ll(N(]) + 1) + k, the two-dimensional Stieltjes transform, m,(IG) (21 +dv1, 2 +ivg) of Gy is

Ermy(z1 + iv1)my(ze + ive). Notice x < 0, A > 0 implies that

1 1 <Y
A= (x+iv) X—z| = 22

Therefore, from (27), we have with probability 1,

0

M (21, 22) — m (21)m]

n(T2)] — 0, as g — oo,

for countably many negative x; having a negative limit point, and countably many negative xy also
having a negative limit point.

It is straightforward to show the following: Assume that f(z1,22) is a function of two complex
variables, and analytic on a open rectangle Fy x Eo C C? (that is, for fixed z; € E f(z1, 20) is
analytic in z9, and visa versa). Let {z]'} C Ei, {25} C Ea, where {27} has a limit point in Fj,
{#}} has a limit point in F5. Then f is uniquely determined by the values it places on the set
{(z1,22) : z1 € {2]},2 € {25}}. This, together with the a.s. tightness of G, gives us, with
probability 1, G4(y1,y2) converging weakly to F'(y1)F (y2).

Notice that the integrands of

/ dE F (1) FO (x2)
[ w]exfar e ((

x— 1)+ 02)((x — 22)% + 02)

/ dER F (21)

[a’,b’]c (113 — $1)2 + U%

on their respective domains are uniformly bounded and equicontinuous for = € [a,b]. Therefore,
from Problem 8, p. 17, in Billingsley (1968), and using the fact that

and

b
/ (v%dFCT“A”“Bn (u) = O fOI' all T € R;
o T —U Un

the sequence {gq}72; defined by

9qg = Sup Eyvy, 2 [mifs(z + ivg) — miy(z + ivy)[*
z€[a,b]

16



for g = Z?z_ll(N(j) + 1)+ k (with 0 < k < N(n)), converges to 0 a.s. as n — oco. Thus we have,

a.S., MaXy>n, MaX]|<k<N(n) gZ?;f(N(j)Jrl)Jrk — 0, as ng — oo. This implies that

oA xsel[laI,)b] Erv, 2mi (x + iv,) — mOy(x + ivy)[> — 0 aus.
This, together with (28), implies that
sup max v, *Eg,(m2% (z + iv,))* — 0. (29)

z€fa,b] F<N

Now, for any x € [a, b], we have

v tmOs (x4 iv,) > dFC (u)

[
o =22+ 03

> L aF%(w)
/[a,b]ﬂ[zvn,ervn] (u - x)Q + /UTQL
1
> mFC”([a, bl N [x — vn, x + vy)).
We select z; € [a,b], j = 1,...,J, such that v, < z; —x;_1, and [a,b] C U}le[l’j — Up, T + Up).

Notice that, as a consequence, J < (b — a)v,!. Then from the inequality above, it follows that,
with probability 1,

J
o max B (FO (o, 8)° < o7 max Be(3" PO (fa, b0 [y — v, + 02)°
< < o
J
< w2 max Ek(z 20, (x5 + ivp))?
< o
J
< 4J max Z By (m2% (x; +iv,))?, by Hélder’s inequality
<N ‘3
< 4J? max max Er(m24 (z; + ivy,))?
< 4(b—a)v,? Sl[lpb} max By (m24t(x + ivy))?
z€[a,b] =
— 0,

by (29).
This shows that,
Ch 2 _ 2
];gnsa‘ﬁ/,(Ek(F ([a7 b])) _O(Un)7 a.s.
Clearly, the same argument holds for [a/,] replacing [a,b], and so we have (24). Now, taking
d =1/35, from (24) we get,

%a]ichk(FC"([a’, V)))? = o(N~3) as. (30)
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3 Convergence of m, — Em,

Throughout the rest of the paper we take v,, = kn =% with § = 110 4 , and some constant x > 0. In
this section, we verify (7). Since for real @1, x2, |mp(z1 + ivy) — My (z2 + iv,)| < |21 — 220, 2 (and
from this, the same bound holds for [Em,,(x; +iv,) — Emy(z2 +ivy,)|), we can prove (7) if we prove
that

max Nug|mp(z + ivy,) — Emy, (2 + dvy,)| — 0, a.s. as n — oo, (31)

for the set S, consisting of n? points equally spaced in [a, b].
. 1/2 *
Write D = C,, — 21, Dj = D — bjy;y; (where y; = ﬁAn/ X.j), and Djjr = Dj — byy;ys, for
j" # j. Note that D; = C(;) — zI. Then, m,, = %trD_l. Also, let D = C,, — zI, where 7 is the

complex conjugate of z. Note that D = D*. Also, let

- 1 . 1 _
o =y;D; 2y; — —tr (D; 2A,), aj = tr(D; 2A,),

N N
1 - 1
Bj = ———F7 bj = 1 1 )
L+bjy; D y; 1+ 0w E[tr (D} Ap)]
£ = 1 - . « 1 _
Vi = Y; Dj tyj — NE[U (D] L4,)), Yi =y D; ty; — Ntr (D] '4,).

We first derive bounds for the moments of -, and 4;. Integrating first with respect to X ;, that is,
conditioning on the set {X.; : j # i}, and using Lemma 3, for all p > 2,

E|3;[” < K,N PE[tr (AY2D;'A,D; ' AL/?)P/? < K,N~#/%;7, (32)

where the last step follows from the fact that || Dj_1 |<v,!, and that || 4, ||< 1.

Now, using the fact that (E; —E;_1)[fn(X.1,...,X.n)] (for any bounded fy) forms a martingale
difference sequence w.r.t. the sigma-fields F;_; generated by columns {X.1,..., X .(j_l)}, and that
Eo[tr (Dj_lAn)] = E[tr (Dj_lAn)]7 and Ey|[tr (Dj_lAn)] = tr (Dj_lAn), from Burkholder’s inequality
(Lemma 2.2 in Bai and Silverstein (1998))

P
N
Ely; —4l" = NPE|> (Ey —Ej_1)[tr (D;'Ay)]
J'#3
P
= NPE|) Ejftr(D;' — D) A, — By [tr (D' — D3 1) Ay
J'#i
bjy; Dj; o An D7y ’
= NPE Z(EJ/ _Ej’—l) a7
oy 1 + b]y] Djj/yj
p/2
byt D AD |
< K,N’E Z (E; —Ej_1) 7Y; JJ y]
J'#] Y5 ” 7
< KpN—p/%;p, (33)

where in the last step we use Lemma 2.10 of Bai and Silverstein (1998) to bound the term within
conditional expectations by || A, || v, ! < vt

18



Therefore, from (32) and (33) it follows that for any p > 2,
Ely,|P < KNP/, P, (34)

Next, we write

my, —Em, = (E] - Ej—l)[tr (D_l)]

M-

1
n
1

J

YD}y
J —

| 140,53 D5y

(Ej —Ej1)

Il
|
S|

<
Il
—

] (since E;tr (Dj_l) =E;_q1tr (Dj_l))

) y; D7 %y;
|14 b, 4Eftr (D' 4,)]

[y D5 sy D5 'y — Rl (D) An)))
! (1 + b % Eltr (D; 1 A,)])2

Il
S|

<
I
-

(Ej —E;j-1)

(Ej —Ej-1)

<
I
—

+
S|
=

[ 5 U505y (y; D 'y; — {Eltr (D7 4n)))? ]

(B — E;_1) - D~
I 0 by SB[ (D; TAW)2(1+ by D; )

<
Il
R

S

N
N 1 ~ .
bjbjEjOéj + % E b?b?Ejaj’yj

[
SEp.
M) =

—

J=1

=z

j
1 » * )=
+= b33 (B; — Bj1)[ogv; — by D y;8i7]
j=1

3.1 Boundedness of Z;j

Let
RS N R— V(5 W T [ —)
" z ) 1+ cpbel " z ) 1+ c,bE(ey) '
We have
m? = —1/ L dF4(a), and €0 = —1/ ‘ dF*(a). (36)
" z) apd +1 " z ) aph+1
We have then
o 11 fapd+1-1 . 1 my
n="20 ] “any1 Wr@=-_%5-"5
% Pn apy + 1 “Pn Pn
Therefore 1
b =L,

Suppose z = z; € CT — z € [d/,b] as j — oo. Then
1
D) = - mi(a) € R

n n

We see that both {p%(z;)} and {€%(z;)} remain bounded, since if, say €2 goes unbounded on some
subsequence, p9 would tend to zero on that subsequence, and from (36) it will render e! converging
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to a finite number, a contradiction. Since Im?

9(x) = 0, we must have lim;_,o, Sp2(z;) = 0. This
in turn implies lim; .o, 3€2(z;) = 0 as well. Therefore, the measures defining p!, and e have
derivative 0 for each = € [a/, V'], so that (a/,’) is outside the support of both these measures, which
after considering a slightly larger €, this statement extends to [a/, b'].

From continuity, we have €0(z) — €°(z), and consequently, mQ — m%(z), and p2(z) —
p(2), €%, m®, p° defined for the limiting empirical distribution, for all 2 € C* U [a/,1']. We
must have [—1/p%(a’), —1/p2(b')] not intersecting with any of the eigenvalues of A,, (respectively,
[—1/p°(a’), —1/p°(¥')] not intersecting with the support of F4). Therefore, since p!(z) — p°(z),
for x = a’,a,b,b, and p°(a’) < p®(a) < p°(b) < p°(V'), we must have —1/p2(z) uniformly bounded
away from the eigenvalues of A, for all z = x + v, z € [a,b], and for v € [0, vg] for some positive
V.-

Similarly, —1/(c,€?) is uniformly bounded away from the eigenvalues of B, for all z = z + iv,
x € [a,b], v € [0,vg]. Therefore, using (22) and arguments analogous to those leading to (27) (now
applied to e,, instead of m,,), we have, with z = x + v,
Cn

dFPr (b)

b2
~ 0 0
sup [pn(2) —pn(2)] = sup |e,(z) —E(en(z /
Sup 1Pn(2) =pn()l = sup fen(z) =ElealI | 0570 50y (1 + cnbBlen)
K
< sup B 1e0(2) — E(en(2))] < KE(u;" sup len — e2]) — 0
zeR Un z€R

as n — o0o. Thus we conclude

sup [|(Z + pn(2)An) 7' < K, (37)
z€[a,b]
and 1
max sup <K. (38)

JEN zela,b] ‘(1 + CnbjE(en»’
Letforj;él'gN,
. 1
b] - —1
1+ cpbjn=1Etr (AnDj )

1
1+ cpbjn1E(tr (AnD;jl))'

and I;Jl =

From Lemma 1
|(1/n)tr (AnDj_l) —en| < (nv,)™t and |(1/n)tr (AnDJ_ll) —en| < 2(nv,) 7Y,
so that from (38) we also have for all n large

max sup (|b; ,max bii|) < K. 39
jSNxE[aI,)b}O il i | J1|) (39)

3.2 Bounds on Wy, Wy, Wj

Let Fy; be the spectral distribution of the matrix ), oy bryryy. From Lemma 2.12 of Bai and
Silverstein (1998), and (30), we get

m?X]Ej(Fnj([a/, V)2 = o(v®) = o(N"2/%), as. (40)

n

Define

Bj = Iig;  Foj(1a ) <oAIN[E; 1 (Fuj ([a /])2<08] -
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Note that, B I[E Frj([a! b)) <vAIN[E; (Frj([a!,b]))2<08] a.S., and we have
P (UL, [B; = 0] i.0.) = 0.

Therefore, for any & > 0,

P <maX|anW1| > e i 0)
z€ESy

where ¢ = inf,, ne/(N max; <<, bjr|byr|) > 0, since max;<j<n [b;] < 1, and max; <<y SUDgc(a,b) b/
is bounded for all n (by (39)). Note that, for each € R, {E;(a;)B;} forms a martingale difference
sequence.

By Lemma 2.1 in Bai and Silverstein (1998), and Lemma 3, for each z € [a, b], and p > 2,

p

N
Un Z Ej(o;)B;

j=1
N p/2
< K, |E ZE] 1|vnEj () Bj|? +ZE|vn (o) B;|P
N p/2
< K |E[Y Ej 102N B & (A;/QDfAnb;QA}/?) + 08 Y Eloyl?
i=1 =
N p/2
< KpNPE [ Y BE; 1tr(D;?D; ) (since | Ay, [|< 1)
j=1

N
. /2
+ KpbNTP ZE (tr (A,IL/QD]72AHD]- 2A711/2)>p ( by Lemma 3)
j=1
N p/2
K, [NTE [ S BB 1tr(D;2D; )| + 0, PNP/?
j=1

IN

since max; || Dj_1 < v, tand || A, [I< 1.
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Let A; denote the k-th smallest eigenvalue of 3, by ywys,. We have, for z € [a, 8]

N
Z Bj]EjfltI' (D;2E;2)
j=1

N 1 1
B Sl P SR ¢ vemr e D DI 7 e e

Ak €a,b] Agj€Ela’b]
N
< Z:(n{4 + B, *nE;_1Fj([a’,V]))
j=1
< KN2, (41)

Here the last step follows from (40).

70
Therefore, for p > 27,

N
masx an]EJ oz] B >e| < Kp,enQN_p/MO,
xTE

J=1

which is summable when p > 420. Therefore, by Borel-Cantelli lemma,

max |[W1| = 0o(1/Nvy,) a.s. (42)
TESN

Next we prove
max |[Wa| = o(1/Nvy,) a.s. (43)
TESR

by following similar arguments. First, observing that {E;(a;7;)B;} forms a martingale difference
sequence, and using Lemma 2.1 of Bai and Silverstein (1998), Lemmas 1 and 3, and the fact that
;| < Rv,?, we have,

N p
RZEJ a;9;)B
7j=1
N p/2
< Z j—1|onE; (a;7;)B; "‘ZE‘% (a;9;)B;["
N p/2
_ 11
< KphNPE | ) BjE; i(|la;[*tr (D;'D; ) (by Lemma 3)
j=1
N —_1.\P/2 n
+ KpU;pN_pZ (tr (D;le_ )) (by Lemma 3, and since max|a;j| < —wv,?)
— J N
]_
N p/2
. 11 _ _
< Ky |vANTPE | ) BiEj 1 (|ag*tr (D7D} ) + v 2P NP2
j=1
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since max; || D;l |< v, L, so that max; tr (D;lﬁgl) < nv; 2

Moreover, using same notation as before, the fact that | A, ||< 1, and arguing as in the
derivation of (41), we have

N
—1
> BiEj1(laj*tr (D;D; )
j=1
a 1 1
< B,E; N2
- jz::l SR %:((Akj—x)2+7)%)2 [Zk:()\kj—xVJrU% ’

(by Cauchy-Schwarz applied to |aj|2)

N
< Y BiNTPnEj i (ne ! + vy nF([d) b)) (ne 7 + v, nFy((a, b))
j=1
< KNZ2

Since max; max{bj, Sup,c[q ) |3J |} is bounded, for large enough n, we have (43) by arguments similar
to the ones used already in the derivation of (42).

Note that, Lemma 1 implies that

1
< —. (44)

_'Un

i by D; y;
max sup |bjy;Dj 2yjﬁj‘ = Inax sup l—f-bjy—*]D_ly
19575 9

J z€lab] J z€la,b]

Using Lemma 2.2 of Bai and Silverstein (1998) followed by Holder’s inequality, we have

p
N
E|vn Y (B — ;1) (e, — by; D; 2y 8577
j=1
N
< Kb NPPUS (Bloy P + 0, PEly[*P)  (by (44))
j=1
2-1 l 2752 1/2 2 3
< Kb NPT <N—P (E(tr (D;°D; ))P) N7P2yoP g pN‘p>
j=1
(by Cauchy-Schwarz, Lemma 3, the fact that || A4, [|[< 1, and (34))
< Kb NPA(NTPNPPRy 22 NP2y 0 4 g 3P NTP) - (since | Dy |[< v, )
< Ky, NP2,

Thus, using arguments as in the proof of (42) and (43), we get
max |Ws| = o(1/Nuvy,). (45)
.’EES’n

Hence, (31), and consequently, (7), follow from (42), (43) and (45).

4 Convergence of expected value

In this section we prove (8). Recall the definitions of D, D; and D;; from Section 3. Also, let

1

B = —
Ly blyszllyl
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For j # j < N let \yj; j denote the k-th smallest eigenvalue of Dj;, and let F,,;; denote the empirical
distribution function of this matrix. Using (40) and Lemma 2.12 of Bai and Silverstein (1998) we
get

max E(Fy [, b)) = o(of).

J#j
Therefore
max sup E(trD; 1D ) = max sup E Z ! + Z !
J<N zead) ISN sefat]  \ Vg[a, ] (Akj —x)* + 03 A€l (Akj — )% + v,
< max sup E(ne 2 + v, 2nFy;([d,V])? < Kn?,
JEN zela,b]
and, max sup E(trD; 2D ) < max sup E(ne * + v, nF,;([d,V])* < Kn?.
JEN zelab] JEN gc(a,b]

The latter implies of course

max sup EtrD 2D < Kn.
JEN zelab]

Similarly,

max sup E(trD; 1D ) < Kn?, and max sup E(tr D;; 2D ) Kn.
J#J zelab] J#J zelab]

Moreover

mjx sup E(tr D;jlﬁ;jl)‘l < E(ne 2+, *nFpji([d,¥])* < Kn*(e” +v_8E(Fn”([a v]))?) < Kn'.
J7] x€la,b)] = - B

Write

N
Cp — 2l + zI + 2p, A, = Z bjyjy;‘ + 2PpnAn.
j=1
Taking first inverses and then expected values we have

E(Cy, — 2I) 7Y + (21 + zppA,) 7t

N
= E | bi(Co— 2ty (2] + 2pnAn) " + 2pn D An (2 + 2ppAn)

E(C(j) - ZI)ilyjyj*(ZI + ZﬁnAn)il 1

- E(Cy, — 21) " A (I + ppAy)
1+ bjy; D~ ly; z(1+ cnbjE(en))( ( ) (I + pndn)

Taking the trace on both sides and dividing by n we have

1 An 1 ‘A':uA)m
E(mn(Z))_/ach bIE( dFB"(b)—ZdF 0= TVZb S

en) j=

where

(1/n)tr E[D'Au (I + pnAn) !
(1 + cnbjE(en))

= E[B;(1/n) XAV (I + pnAn)—IDjflA,}/QX.j] _
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Multiplying both sides of the above matrix identity by A,, and then taking traces and dividing by
n, we find

a

N
E — dFAn( e =w
(en(Z)) / af 1+cngE(en)dFBn(b) — 2 ; J

where

(1/n)tr ALE[D A, (I + pnAn) !
(1+ cpbiE(en)) '

= E[3;(1 /n)X;.A}/2(I + ﬁnAn)’lAnDj_lA}/ZX.j] -

Again, we let E,, denote either A,, or I,,. We first show that

n lrrgsfc sup |(tr BE,E[D™ AL (I + ppA,) ! —tr EnE[Dj_l}An(I—f—ﬁnAn)fw =0(n"). (46)
IS ze(a,b]

Using g = I;j - b]ﬂj@j'yj, (3.3) of Bai and Silverstein (1998), (34), (37), and (39) we conclude that
the left hand side of (46) becomes

= n lmaxb] sup |E[ﬁ]ij A, (I_’_ﬁnAn)_lEnD;lyj”

JEN 7 zelab]
< n~'maxb; sup (b |Ely; D 'A (I—i‘ﬁnAn)_lEnDj_lyj”
JSN 7 zefab]

+b”B'HE[/Bj7jy*Dj_1An(I +]5nAn)71EnDj_1yj”)

< Kn'max sup (N'E[tr AY/2D; ' An(I + pnAy)~ E,D; AN
JEN 2elab]
+oy (Bl )P (Ely; Dy An(I + puAn) " En Dty P2
—-1
< Kn 'max sup (N'E[tr D;'D "))
JEN zelab] / !

+u, 'NTY20 AN Efer D 2D; ) + E(tr D 1D; 1))V < Kn L,

Thus (46) holds.
From Lemma 3 and (37) we get

max sup E|(1/n)z YAV + pnAn) T E,DT ALY 2 — (1/n)tr En D A (I + prdn)
IS z€(a,b]

< Kn ?max sup Eftr D} 1D ]<Kn_1. (47)
JEN zelab]

We next show

max sup n - E|tr E, D YAL(T + ppAn) ™t —tr EnE[Djl]An(I+ﬁnAn)_1|2 < Kn% (48)
JEN zelab]

Using (3.3) of Bai and Silverstein (1998), and the fact that 3;; = bj; — b; b]]ﬂ]]’y]], the left hand
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side of (48) becomes

= max sup n 2ZIE| Ej_1)tr E,D; YAL(T + pndn) '
JEN zela,b] i

< 2max sup n QZbQE\ﬂ”y*D 1A, (I+]3nAn)7lEnD]-_j1yj’2

JEN z€lab] %5 -
= 2max sup n 2Zb§E|(i)jl'—bii)jl'ﬁjl"}/jl')yzD;len(I+ﬁnAn)_1EnD;jlyl|2

JEN gela,b] i = =
< Kmax sup n 22 [E|y] (I“—pnAn)_lEnD;jlyﬂQ

JEN z¢ [a,b] i B

+ 0 2 (Bl Ely; D3 An(T + Bndn) ™ EaD;ly1) 2]

< Kmax sup n 22()2 [ trD;fD?f)—i—E(HD;jﬁij

JEN 2elab] i

+ vy 20 v, 2(E(te D3 2D;;)? + E(tr D;jlﬁg)”‘)l/?]

< Kmax sup n QZn (n+n? + v, 0 (n? + nh)Y/?)
J<N z€[a,b) j#j

< Kn~L.

So (48) is true.
We get the same bound when (I + p,A4,)"! is removed from the expressions, that is, we also
have
max sup Ely; — 4, < Kn™!
JEN zelab]

Moreover, using (32),

max sup E[5;|* < Kn*QE[trD 1D ] < Kn™l.
JEN 2€lab]

Thus
max sup E|y;|> < Kn~1.
JEN zela,b] !

Therefore, with cfjm denoting either czj or ch, and with W™ denoting either w® or w™, we have,
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using Lemma 1, (46), (47), (34), and the fact that §; = 5]- — B?’Yj + I;gﬂjvjz,

IN

IN IN

IN

IAIA

sup |w™|
z€la,b]
| X
sup |—— b;dS™
x€la,b] ZN; 7

(1/n)tr B,E[D; ' An(I + pnAn) ™"

Kn~' 4 max sup E[ﬁj(l/n)x;A}/z(I +ﬁnAn)_1EnD;1A,11/2xj] -

J<N z€[a,b]

Cnbjl;j

— - 1/2 =1 41/2 1757 1\y1/2
1+cnbjE(en)E(€” (1/n)tr A2 D51 AL)|(1/n)(E(tr D} 'D; )

Kn™' + Kmax sup |E|3; — i)j +
JEN zelab]

+ [E[3;((1/n)2 AY2(I + puAn) " E,Dy AY?2; — (1/n)tr BEE(D; ) Au(I + pudn) ™) y)

Kn~' 4+ K max sup (||B§|E|fyj - ﬁjvﬂ + o, n 7 n 2
JEN zelab]

B3PI — B503) (/)5 AY(T + puAn)™ BaDy ANy — (1/m)tr BaB(D; ™) An(T + pndn) ™))

K(n™" +max sup (E|ly;|* + v, *Ely;[")/*)n~1/?)
JEN zelab]
Kn '+ (0~ o 20 20 H1Y 2012
Kn% (49)

As before, we have

where, after inserting p, and p2,

ena? [ —L — dFBn(p) ena? [ =L dFBn(b)
] < / f [1+cnbE(en)[? dFA,L(a) / f [1+cnbel |2 dFA,L(a)

1/2 1/2

|2*apn + 117 |2[?|apf, + 112

(50)

Let G2, G° denote the distribution functions defining €2, €°. Then G2 D, 6. We have

uniformly bounded for = € [a,b]. For X in either (—o0,d’] or [b,00), {(A — )~

/(/\12dG0(/\) = %eo(x)

— )

2.2 €[a,b]} form a

uniformly bounded, equicontinuous family of functions in A\. From Billingsley (1968), Problem 8,
p. 17, we have then

Jim, sup. |2 9(a) — L (a)| = 0.

Since for all = € [a,b], A € [@/,V]° and positive v

1 1
D=2+ T —a)

<

)

LS
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0

recalling that eJ = Se? | we have for any sequence of positive v/, converging to 0,

S+iv)  d g

li =0.
e 2
Therefore, we conclude that
e(z + ivy)
sup ——— - <K, (51)

n,z€(a,b] Un,

Writing again € = ea + v,8 we have, by (51) and the conclusion in Section 3.1 concerning the

eigenvalues of B,, remaining away from —1/(c,e?),

0 0 b2
sup 29 sup chn/dFB”(b) < K.

vefa] VnB T zefab] Vn |1+ cpbef |2

Therefore

2
e’ [ rapapdF T 0) esa/ (vn3)
sup 5o 5 dF*"(a) = su 0
|2 aph, + 1] sefay) (€0 (vnf)) + 1

is uniformly bounded away from 1. Moreover, from continuity and the uniform convergence of
E(e,) and py, we must have that the supremum over all z € [a,b] of the first factor on the right

hand side of (50) is also uniformly bounded away from 1 for all n large. We therefore have from
(49)

z€la,b]

sup |[E(en) —e2| = O(n™h).

z€[a,b]
Again
[E(mn) — ]
b2 B 1/2 2 b2 B 1/2
en [ mrm—zdF P (b) cna? [ sdF°n (b)
0 [14-cnbE(en)|? A, [1+cnbel | Ap
< |E(en) — €9 / P @ / PPl g @

The second factor on the right is of course bounded by 1, and from (37) and (38), the first factor
is bounded, uniformly for = € [a, b]. Therefore, by (49), we conclude that (8) holds.

Thus combining the results of this section and the previous section, we arrive at (3), and along
with section 6 of Bai and Silverstein (1998), this completes the proof of Theorem 1.

Appendix : mathematical tools

Lemma 1 Forn xn A, 7 € C, and r € C" for which A and A + 7rr* are invertible,
_ 1
14 TrrA-ly
(follows from 7* A=Y(A + 7r7*) = (1 + 7r* A~ 1r)r*)

Moreover, (Lemma 2.6 of Silverstein and Bai (1995)), let 2 € C* with v = Imz, Aand Bnxn
with B Hermitian, and r € C™. Then

r*(A+ Trr*)*l r* AL

*(B—zI)7YA(B - zI)"r < | Al
14+7r*(B—2zI)"1r v

ltr (B — 27— (B4t — zI)_l) Al = !
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Lemma 2 (Lemma 2.3 of Silverstein (1995)): For z = z + v € Ct let mq(z), ma(z) be Stieltjes
transforms of any two measures with respective total mass My, Ms; A, B, and C n x n with A
Hermitian nonnegative definite, and r € C™. Then

(a)
1(m1(2)A + 1)7H| < max(4M: | Al /v, 2)

(b)

[tr B((m1(2)A + I)*1 — (ma(2)A + I)fl)|
< |ma(2) — mu(z)|n[|B| [| Al max(4M || Al /v, 2) max(4 Mz || Al /v, 2)

[r*B(m1(2)A+1)"'Cr — r*B(ma(2) A+ 1) *Cr
< Ima(z) = i) P ANl B) max(4M ]| All /v, 2) max(4Mal|All /v, 2)

(||| denoting Euclidean norm on ).
Lemma 3 (Lemma 2.7 of Bai and Silverstein (1998)) : For X = (X.1,...,-X,)7 i.i.d. standardized
and bounded entries, C' n X n matrix we have for any p > 2
E|X%CX, — trC|P < K,(tr CC*)P/?
where K, depends on the distribution of X ;.

Lemma 4 (Analog of (3.1) of Bai and Silverstein (1998)) : When the entries of X,, are bounded
the largest eigenvalue of %XnX;;, denoted by Apax, satisfies

P(Amax > K) = o(n™")
for any K > (1+ ,/c)? and any positive .

Lemma 5 (Lemma 2.2 of Shohat and Tamarkin (1970), and Theorems A.2, A.4, A.5 of Krein and
Nudelman (1997)): If f is analytic on CT, both f(z) and zf(z) map C* into CT, and there is a
0 € (0,7/2) for which zf(z) — ¢, finite, as z — oo restricted to {w € C: § < argw < 7 — 0}, then
¢ < 0 and f is the Stieltjes transform of a measure on the nonnegative reals with total mass —c.

Acknowledgement : We thank the two reviewers for pointing out errors and for their insightful
comments that improved the quality of presentation of the material.
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