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Let {sij :i,j =1,2,...} consist of i.i.d. random variables in C with
Es;p =0, E|sll|2 = 1. For each positive integer N, let sy = sp(N) =
(slk,szk,...,st)T, 1<k <K, with K=K(N)and K/N - ¢ >0 as
N — oo. Assume for fixed positive integer L, for each N and k < K, o =
(o (1), ..., 0 (L))T is random, independent of the s; ;, and the empirical dis-
tribution of («y, ..., «g), with probability one converging weakly to a prob-
ability distribution H on CL. Let By = B (N) = (ax (s} . ..., oax(L)s))T
and set C = C(N) = (1/N) Z/f:g BB} Let 62> 0be arbitrary. Then de-
fine SIR; = (1/N)BT(C + 021)_1ﬂ1, which represents the best signal-to-
interference ratio for user 1 with respect to the other K — 1 users in a direct-
sequence code-division multiple-access system in wireless communications.
In this paper it is proven that, with probability 1, SIR| tends, as N — oo, to
the limit Zf’[,zl &l(ﬁ)al(i/)agl/, where A = (ay ¢/) is nonrandom, Her-
mitian positive definite, and is the unique matrix of such type satisfying
A= (CE% +0621;)7", where o € CL has distribution H. The result
generalizes those previously derived under more restricted assumptions.

1. Introduction. This paper examines the mathematical properties of a quan-
tity fundamental in analyzing the performance of a particular scheme used in
wireless communications. The scheme, known as direct-sequence code-division
multiple-access (or DS-CDMA), currently in use, effectively handles many users
by taking into account the manner interference interacts when a particular user’s
information is being decoded. It is achieved by assigning to each user a vector of
high dimension, called a signature sequence. Suppose there are K users and L re-
ceive antennas. Let N be the dimension of the signature sequences, and denote by
si € CN the signature sequence assigned to user k. At a particular instant of time
let X € R denote the value transmitted by user k having transmit power Ty € RT,
and let yx (£) denote the fading channel gain from user & to antenna £. It is assumed
that the X ’s are independent standardized random variables. With W(¢) € CN de-
noting noise associated with transmission to antenna ¢, entries W; (£) i.i.d. across
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i and ¢, mean zero and E|W; (£)|?> = o2, the data recorded at antenna ¢ is modeled
by

K
Y(0) =) XidTiv (Os + W(O).
k=1

Letting Y = Y(DT,...,Y(L)T1T € CNE| the goal is to capture the transmitted
X for each user in a linear fashion, that is, by taking the inner product of Y with
an appropriate vector ¢, € CVX, called the linear receiver for user k. For user 1,
X | = ¢]'Y is the estimate of transmitted X .

The output signal-to-interference ratio

|ct8; |2

K A
o2lley |1 + Yoo eyl

associated with user 1 is typically used as a measure for evaluating the performance
of the linear receiver. Here

Sk = VTl (Dst 5 ..., y(L)sE 1T

It turns out that the choice of ¢; which minimizes E(X — X)? (the minimum mean-
square error) also maximizes user 1’s signal-to-interference ratio, the latter taking
the value

K -1

SIR| = §T<Z Sk8; + 021> 81,
k=2

where [ is the NL x N L identity matrix. It is this quantity which is the focus of

this paper.

In [4] properties of SIR; and their dependency on the yx(€)’s, Tj’s, o2, L, N
and K, when the latter two values are large, are explored by proving limiting re-
sults, as N and K approach infinity with their ratio approaching a positive con-
stant, under the assumption that the s;’s are randomly generated (which is usually
done in practice). They are independent i.i.d. random vectors containing i.i.d. mean
zero entries, independent of the yi (£)’s and T} ’s. The results allow for analysis of
performance in various situations depending on the location of the users with re-
spect to each other and the antennas. Additional assumptions are imposed on the
vx(£)’s and the T;’s. Throughout [4] it is assumed the % (£)’s are independent and
circularly symmetric (i.e., the argument of each y;(£) is uniformly distributed on
[0, 27)), and the entries of each s; are mean zero complex Gaussian with variance
1/N [i.e., they are of the form Z| +iZ, with Z1, Z, i.i.d. N(0, 1/(2N))]. The Ty’s
are allowed only to depend on |y;(¢)| for all k, j, £. Two scenarios depending on
the location of the antennas are considered. One scenario places all the antennas
near each other, the other allowing them to be located anywhere. Theorem 1 in [4]
applies to the former case, the proof of which requires, for each &, (1), ..., yx (L)
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to be identically distributed. Also, Ty, as a function of the |y; (€)|’s, is assumed to
be symmetric with respect to the antennas, in the following sense. For any permu-
tation ¥ on {1, ..., L}, we have for each k,

Ti(T(x(1)),....T (L)) = Ti(T ), ..., T(L)),

where ['(£) = (y1(£), ..., yx(£)). These two assumptions are lifted in Theorem 3,
which would not be realistic when antennas are not placed in one location. How-
ever, an additional assumption is made, namely, that there are for each user inde-
pendent signature sequences going to the L antennas, that is, S takes the form

nT 0Tr
\/Tk[)/k(l)sl(() ,...,)/k(L)s](c) ] ,
(1) (L) .
k )

with s;7, ..., s, i.i.d. As pointed out in [4], this “completely random sequence
model is not physically realizable.”

The purpose of this paper is to prove limiting results on SIR| substantially more
general than those found in [4]. The main result is the following:

THEOREM 1.1.  Let {s;j:i, j = 1,2,...} be a doubly infinite array of i.i.d.
complex random variables with Es;; = 0, E|511|2 =1 (we will from henceforth
call standardized). Define for k =1,2,..., K sy =si(N) = (S1k, S2k» - - - svioT.
We assume K = K(N) and K/N — ¢ >0 as N — oco. For each N, let y;(£) =
ykN(ﬁ) eC, T = TkN eRt, k=1,....K, ¢=1,..., L, be random variables,

independent of s, ...,Sg’s. Let for each N and k,
T
ap = =vVTi(r(D), ..., (L))"
Assume, almost surely, the empirical distribution of a1, ..., g weakly converges

to a probability distribution H in CE.
Let By = Br(N) = VT (e (D)s{ . ... i (L)s)T and

1 K
C=C(N)=—>_ BBi.
N k=2
Define

1
SIR| = B1(C+0 D)7 By,

then, with probability one,

L
. _ - / ,
Jim SIR; =T “Z_:l Vi @Oy1(ag

where the L x L matrix A = (ay ¢') is nonrandom, Hermitian positive definite, and
is the unique Hermitian positive definite matrix satisfying

oo 5\ 7!
(11) A:(CEm+O' IL) s

where a € CL has distribution H and I} is the L x L identity matrix.
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Clearly SIR; defined in this theorem is the same as the one initially introduced,
the only difference in notation being the removal of the scaling by 1/+/N in the
definition of the s;’s.

Let o denote the £th entry of the random vector & having distribution H. Un-
der the independence and circularly symmetric assumption on the yx(£)’s and the
independence of their angles and the Tj’s, it follows that for £ # ¢’ and positive
ai,...,ar,

L U—
1+ e loe |2

With just this additional condition we have the following:

(1.2)

COROLLARY 1.1. Under the conditions in Theorem 1.1 and (1.2), the limiting
A =diag(ay, ..., ar), where the a;’s are positive satisfying
1

T cE(aP/( + X addee?)) + o2

(1.3) ag

COROLLARY 1.2. Suppose the conditions in Theorem 1.1 are met except, for
the limiting behavior of the ai’s, it is only known that:

1. the empirical distribution of

(1.4) TP w@P), 2<k<K,
converges almost surely in distribution to a probability distribution G in RE,
and

2. for £ # U and positive ay, ..., ar,
1 & @)

K -1 k=2 I+ ZgaﬁTkh/k(g)P

almost surely, as N — 00.

(1.5)

Let (81,...,8.)T € RL denote a random vector having distribution G. Then the
conclusions of Theorem 1.1 and Corollary 1.1 hold, with each lacg|? in (1.3) re-
placed by ;.

Theorem 1.1 frees up conditions on the y, (£)’s, and overall dependence between
them, the 7} ’s, and the antennas. Moreover, the result allows for more general (and
realistic) assumptions on the generation of the s;’s, permitting their entries, for
example, to be just £1, which is typically done in practice.

Thus, under the general assumptions in Theorem 1.1, various scenarios can
be analyzed and compared. In applications the empirical distribution of the ay’s
would typically be used for H, the matrix A thereby satisfying

K —1
A= 5 ! Z akaz +O'21L .
N K151+ aiAu
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Although there appears to be no explicit solution to (1.1), it will be shown that A
can be computed numerically by iteration of the right-hand side of (1.1), provided
the eigenvalues of the initial choice in the iteration lie in a certain closed interval
in (0, 00).

The conclusion of Corollary 1.1 is the same as that of Theorem 3 in [4], where
only the a.s. convergence in distribution of the empirical distribution of (1.4) is
assumed. But recall Theorem 3 also assumes for each user different signature se-
quences for each antenna. The extent of the results in [4] are confined to diagonal
A’s due to the assumptions imposed [essentially the spherically symmetric as-
sumption on the y;(£)’s], clearly a special case of the general conditions assumed
in Theorem 1.1.

It is remarked here that the assumption of the s;; coming from a doubly infinite
array can be replaced with s;; =s;;(N), 1 <i <N, 1< j < K, with no depen-
dency assumptions for different N, provided E|s11]|* < co. Indeed, it will be seen
in the beginning of the proof of Theorem 1.1 that the double array and finite sec-
ond moment assumption is needed only when the strong law of large numbers is
invoked on sums involving |s,-_,-|2, the alternative assumptions yielding the same
conclusions with the aid of Lemma 2.10 below.

Theorem 1.1 only provides limiting properties of the signal-to-interference ratio
with respect to one user. The last section of this paper will address the issue of
uniform convergence of all the K SIR’s.

The proofs of these results will be given in Sections 3—7, with basic mathemat-
ical results needed in the proofs presented in Section 2.

Note. After submitting this paper, the authors came upon a result similar to
Theorem 1.1, announced in a conference paper, without proof [3]. In that paper it
is claimed that a proof is given in another paper, submitted for publication. In [3]
the s;;’s need not be identically distributed, nor come from one doubly infinite
array of variables, but it is assumed E|s;; |* = Elsi; (N)|* < N*77 for some y > 1.
Moreover, the limiting distribution H is assumed to have bounded support. The
conclusion has convergence in mean square.

2. Basic tools. This section contains properties of matrices, a classic fixed
point theorem, and some probabilistic results, needed in the proof of the above
statements. Throughout, I will denote the N L x N L identity matrix. For arbitrary
dimension n, I,, will denote the n x n identity matrix. For any rectangular ma-
trix X, vec X will denote the column vector consisting of stacking the columns
of X on top of each other, first column on top, last on bottom. Spectral norm on
matrices and Euclidean norm on vectors will be denoted by || - ||.

LEMMA 2.1. Leto? > 0, B, A n x n matrices with B Hermitian nonnegative
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definite, and x € C". Then
tr((B +xx* + 02" — (B+021) A

C|X*(B+o?D)'AB+02D)x _ 4]
1+x*(B+02)~Ix - 0%’
PROOF. The identity follows from (D + xx*)"Ix = D x—L — true

1+x*D~Ix’
whenever n x n D and D + xx* are both invertible. Write B =) _1,e;€], its spec-
tral decomposition. Then
x*(B4+ o2 'AB+ 02D 'x
1+x*B+02)"Ix
IAIIB +0> D)~ x|
14+x*(B+02)~Ix
— A Y (1/ (ki + o)) efx|?
1+ X1/ (i +02)lefx]?
_ 1A

) O

<

The next lemma is easily verifiable.

LEMMA 2.2. For any matrix A N x K and o2 >0,

(AA* 402 Iy) ' =072 (Iy — A(A*A + 02 Ig) "1 AY).
The following lemma is a direct consequence of the previous identity.

LEMMA 2.3. Suppose Ay,...,Ar are N x K, and o> 0. Define the €, 0’
block of the NL x NL matrix A by Ay ¢ = A¢A}, and, splitting (A + o2~ Vinto
L? N x N matrices, let (A + 021)2(15, denote its €, ¢’ block. Then

—1
(A+0°D) y=0" ((SM/IN — Ay (Z AjAg+ 621,() A;f,).
¢

LEMMA 2.4. Given Ay,...,A; are N x K and z1,...,72¢ € C with
Selzel? =1,

()

where “=<” represents the partial ordering on Hermitian nonnegative definite ma-
trices.
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PROOF. For any b € CV, we have by two applications of Cauchy—Schwarz,

b* (Z Am> (Z AZ%g)b =Y b *ArA; bz
14 14

e

<D (b AATD) P (b Ay Ab) 2] |z
0,0

2
= (Z(b*AeAZkb)l/ZIZH)
y4
< Z |Ze|2 Zb*AgA?b =b* (Z AgA?)b.
l l y4

This proves the result. [

LEMMA 2.5. For Ay,..., A, A, c%in Lemma 2.3, the L x L matrix (tr(A +
o?l )Zé,) is positive definite with smallest eigenvalue bounded below by

-1
tr(Z AgAf + ole) :
14

Proor. For z1,...,z20 €C, 3, |Zg|2 =1, we have by Lemmas 2.2-2.4 the
smallest eigenvalue of (tr(A + o2l n é,) is bounded below by

Y ote(A+olD), pZEe
N4

-1
=072 tr(z Se.oZeze Iy — ) A (Z AjAg+ 0211() Ae/ZﬁZ@f)

.0 N L
—1
=02 tr(IN — (Z Azzz) (Z Ang + 621K> (Z A?Zz))
L J4 L
> O'_ztI‘(IN — (Z AgZ@)
14

(o)) o) ()

—1 -1
=tr<(ZAgZz> (ZAZ@) +021N> 2tr<ZAgA2f +021N> g
[ ¢

14
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For A = (a;j) m x n and B p x q, the Kronecker product of A and B, denoted
by A ® B, is the mp x ng matrix, expressed in blocks of p x ¢ matrices, the i, j
block being a;; B. We will need the following, which is Lemma 4.2.10 of [5].

LEMMA 2.6. ForAm xn,B pxq,CnxkandD q X r,we have

(A®B)(C® D) =(AC) ® (BD).
The following is needed to prove Corollary 1.1.

LEMMA 2.7 (Schauder fixed point theorem [7]). If A is a convex, compact
subset of a Banach space X and g : A — A is continuous, then g has a fixed point
in A.

The next result is one on the eigenvalues of the expected value of the Kronecker
product of two random matrices.

LEMMA 2.8. Let A = (a;j) = (aj,...,a,) (m x n) and B (h x g) be two
random matrices, the entries having bounded second moments. Then

IEA® B|| < min(\/|[EAA*|| |EB*BI|, VI[EA*A| [EBB*]|).

PROOF. Forany h xm X = (Xq,...,X,) and g X n matrix ¥ = (yy,...,¥n)
with tr X X* =tr YY* = 1, we have, using Cauchy-Schwarz,

(vecX)*[EA ® BlvecY|?

m n 2 n 2
= Z Eain;kByj = Z EaJTX*Byj
i=1j=1 j=1
n 2 n 2
< (Z E[[Xa, ]| ||By,-||]> < (Z E1/2||Xa,~||2E1/2||Byj||2>
j=1 j=1

n n
<> ElXa;|* Y E|By;|I* = tr(EAA*X X)tr(EB*BYY™)
j=1 j=1

<|[EAA*| |EB*B]|.
Notice that
n
Y Eal X*By;=twrEA"X*BY =wEB"XAY",
j=1
so we also have

I(vecX)*[EA ® BlvecY||* < [|[EA*A| [EBB*|.
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The truth of the lemma follows. [

The next result, which is Lemma 2.7 in [2], constitutes the main contribution of
randomness to Theorem 1.1.

LEMMA 2.9. ForX=(Xy,..., Xn)T i.i.d. standardized entries, C n X n, we
have for any p > 2,

EX*CX —trC|” < K, ((E|X1|*tr CC*)P/2 4 E| X1 *P tr(CC*)P/?),

where the constant K, does not depend on n, C, nor on the distribution of X.

The last two results provide conditions guaranteeing the strong law of large
numbers.

LEMMA 2.10. ([6]). For X1, X, ...iid., let S, =X1+---+ X,,. Fort > 1,
the joint conditions E|X1|" < oo and EX| = b are equivalent to the condition
e.¢]

ZnI_ZP(

n=1

Sn
——b'28><oo
n

for every ¢ > 0.

LEMMA 2.11 (Lemma 2 of [1]). Let {X;;, i, j=1,2,...} be a double array

of i.i.d. random variables and let a > %, B =0 and M > 0 be constants. Then as
n— 00,

max -0 a.s.

n
-
n (xj; —c¢)
j=MnP ; ’

if and only if the following hold:
E|X11|(1+;‘3)/05 < 00

and

_ |EX11, fa<l,
~ | any number, ifa>1.

3. Proof of Theorem 1.1. For the remainder of this paper we write /T vk (£)
as oy (£). Write

1
SIRy = >~ a1 (Oen (¢)s](C + o*1), st
L0

where (C + 021)2(12,, N x N, is the £, ¢ block of the NL x NL matrix (C +

o21)~!. Some of the NL x N L matrices below will also be viewed in block form:
L? N x N matrices.
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We begin by truncating and centralizing the entries of s;. For each N, define
Snt(N) = $n11(1s,11=(1/3)1og N) — ESn1 L (1s,11=(1/3) log N)
§1=81(V) = (E (N, 50 (N), ..., Sni (V)
Bi=Bi(N) = (D] ,....a1 (L)3))",

and SIR| = LB1(C +02D)7'B) = L 3 p @101 (€)5(C + 02D |51
We have

ISIR; — SIR;| <o >N~ (I8, — B I> + 218111181 — Bi 1)

=0 2> et (O N (llst —§111* + 2lIst lllls1 —S1 1.
4

We have by the strong law of large numbers (SLLN) N “lis||? = 1 as. as
N — o00. Also, since

N
-1 <2 -1 2
N7 sy —siI”*=N Z\Sn11(|sn,|>(1/3)1og1v) — Esut L(s,11=(1/3) log )|

n=1
N 2
< N2 Isut P L5113 10g ) + 2|Es11L(s1112(1/3) log M) | »
n=1

we have, for any positive M by SLLN,

N
li N7 st =517 < lim N7'> 2051 g
lmNSUP st —sil = lim > 20sni (s> m)|

n=1
:2E|S11|21(|51]|>M) a.s.

Since this last expression can be made arbitrarily small by choosing M sufficiently
large, we have

ISIR; — SIR;| — 0 a.s.
Let §; = §1(N) = §1(N)/(E|511(N)|*)'/2. 1t is clear that E|5;(N)|> — 1 as
N — 0. Therefore,
— 1 B R 1
SIR| — Y@ ©ai ()85 (C+ 021, 81| — 0
el

as N — oo. Since the entries of §; are i.i.d. standardized and, for all large N,
bounded by log N, we have by Lemma 2.9, forany N x N A,

EINT!87A8 — N1 A1* < Ky||A||*(log N) N2,
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which is summable for A bounded in norm. Since we have ||(C + o021 )e_}, | <02,

we conclude that, with probability one,

SIR; — N™'Y a1 (©a () tr(C + 1), | — 0.
e

Similar to what is argued above, we have by SLLN

| N K
. 2 _
Jim N2 r; ];2 ISnk " L5, |>10gv) =0 as.

It is straightforward to verify the existence of a nonrandom sequence {ay}, of
positive numbers increasing to infinity, satisfying

2 N K
. a
(3.1 lim 23" fsuk Ll >log vy =0
n=1k=2

almost surely, and
(3.2) anEsii (s <togN) = O.

We may assume ay <logN.

Define X = K (N)={k €{2,..., K}:max |ax(0)|?> <ay}and K> ={2,...,
K} — K. Since the empirical distribution of oy converges weakly a.s. to a proba-
bility distribution in C%, we must have, with probability one,

#K, =Ky =o(N).

Write Ky = {ki, ..., kgy), Co=C,and C; =C;_ — BB i=1....Kn.
Let Iy o denote the NL x N L matrix consisting of the N x N identity matrix in
the ¢/, £ block, zeros elsewhere. Then, using Lemma 2.1 for any £, ¢/,

INT'r(C + 02, = N u(Cry + 07D |

Ky
= Ztr(cj—l —|—O’21)_llg/g —N7! tr(C; —1—021)_11[%
j=1
1 Ky N8 (Cj+ 0D e (Cj+ 07D By,
NS L+ N=18; (Cj+02D)7 1By,
K
< =N 0 a.s.
No?

Therefore, we may assume each o = 0, and that maxa<x<x ¢ lotg (€) |2 <ay.
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We truncate and centralize the entries of each s, 2 < k < K, in the same manner
as performed on s, and call it §¢. The corresponding B and C are denoted by S,
and C. For any ¢, ¢/, we have

INH(r(C+ 0’y —tr(C+ 02Dy )]

‘—Ztr (C 402D~ (BeBi— BB (C + 021y y)

‘NZZﬁk(C+021) Uy o(C+02D)71B,

— B (C+02D) Uy o (C+ o) 'B,

1 K y y
< Wkgz 1Bk — Bill> + 2B 1B — Byl

1
= Voo 4ZZ|ak<E)| (lsk — Skll* + 2lse s — Sl

k=2 ¢
K

anL K 12 , g 1/2
< Nio 4{2||sk—§k||2+2<2||sk||2) (Z||sk—§k||2) }
k=2 k=2 k=2
By SLLN, we have
1

K N K
—K];ZHSkHZ =g s> =1 as.

n=1k=2
and from (3.1) and (3.2),

a, K

N < 112

WE llsx — Skl
k=2

IA
‘zw

N K
Z D sk s> (1/3) 1og V)
: :2

+zaN|Es111(|S11\§(1/3)10gN)|2—> 0 as.
Therefore,
N r(C+o D), —t(C+0’Dy) >0 as.
It is easy to verify

N7 (e (BT +021), y — (€ + 0% ) — 0.
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Therefore, returning to the original notation, we may replace the doubly infinite
array and assume for each N, spr = s (N), 1 <n < N,2 <k < K,i.i.d. standard-
ized random variables bounded by log N. The quantities sy = s¢(N), B = By (N),
and C = C(N) are defined accordingly.

Define Cy = C — (1/N)BBj. Select ¢ € (0, 1/10). Applying Lemma 2.9 to
each of s, (Cory + 02, . 2<k <K, 1 <€, <L, with p =35, along with
standard arguments using Chebyshev’s and Boole’s inequalities, together with
Lemma 2.1, we have

&
(3.3) ke{r?axK} W(Sz (Cay + 021);’;/51( —tr(C + gZI)Zé,) -0 a.s.
erel.. L)

Define the L x L matrix B = (b, 4/) with

1 & (Lo (0)

b ;= )
“LETN k; 14+ (1/N)B(Cy +021) 1B,

and define the NL x NL matrix B in terms of the Kronecker product: B = B ®
Iy. We have (B +021)™! = (B +0%I.)"' ® Iy. Denote the ¢, ¢’ entry of (B +
2 1
1)~ by by pr.
We write

1 K
CH+o’l—(B+o’D)=—3 BiBi~
Nk=2

Taking inverses on each side, we have

(B+ao’D ' —(C+o’D7!

1 K
= Y (B+o’D7'BiBI(C+o* D) —(B+o* ) 'B(C+0o’ D!
k=2

—(B+a’D7'B(C+o>D7 L

Z (B+02D)7 1B Bi(Cuy + 021!
1+(1/N)ﬁk(C(k)+021) lﬂ

Mu1t1p1y1ng on the right by I 4, taking traces and dividing by N, we get
(B +o’D - N 'u(C+a?D),

Z(l/N)ﬂk(C<k>+azl> Uy o(B+021)71By
1+(1/N)ﬁk(C(k)+021) lﬂk

—~ N B(C+0’1) Iy y(B+0%D)7!

_1 Z Yy @O @)A/NIS{(Cay + 02D~ o (B+ 02D g s
1+ (1/N)ﬁk(C(k) +02)~ lﬂk
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1 _ -
= U Br €+ D7 e (B 402D e
el

_ i 2,1
E E Nsk C(k)+0 I) Ig/g(B-i-G I~ ]u X
uﬂ k=2 o

y ar(Dor (L)
1+ (I/N)ﬂZ(C(k) + 021)_1/3k

—tr By o[(C + 021)_1113/,((3 + 021)_1]z,z/i|

1[& _ _
=> ~ [Z st(C(k) + 021)42/(3 + ozl)e,é,sk
et k=2 B
y (Do (L)
1+ (1/N)B;(Ciy +a21) 71 By

—tr Bg/’g(c + Uzl)gé/(B + 0—21)@_’2:|

b,y O (€) .

| X
_M/ §1+(1/N)ﬂk(c(k)+0—21) 18,

x (55 (Cy + 02 1) ysic —tr(C +021) ).
Using (3.3), the fact that the 1357 ¢’s are bounded by o 2, and noticing that
N~'twe(B 4021,y =bep,
we immediately get
(34) by = N"'te(C+ 02Dl >0 as.
Notice Cy ¢, the £, ¢ block of C, can be written as
(1/+/N)SA®L))((1/v/N)SAEL)*,

where S = (s2,...,8kx) and A(f) = diag(ar(£), ..., ar(£)). Therefore, from
Lemma 2.5, the L x L matrix (tr(C + 021 )ZE,) is positive definite.
Using this and (3.3), we have

1 & k(€ (0)

DY

(35) = 1+Z£’£/&k(£)ak(£/)N—lﬂ'(C+O‘21)£2/
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N
>NTsi (Cao + 02 sk
k=2

IA
=z |5

1)
IN\

—tr(C + 021);}5,| —0 a.s.

From Lemma 2.5 the smallest eigenvalue of Ay = (N_1 tr(C + 021)22/) is
bounded below by

-1
1 1 k Qk
(3.6) Ntr<ﬁS§A(€)A(ﬁ) S +021N) .

This quantity is the Stieltjes transform of the empirical distribution of the eigen-
values of

1 k ok
NS; AL AWL)*S

evaluated at —o2. We have, with probability one, the empirical distribution of the
diagonal entries of

D AD AW
14

converging weakly to a nonrandom probability distribution. Therefore, from [8],
we see, with probability one, the empirical distribution of the eigenvalues of (3.6)
converges weakly to a nonrandom probability distribution, and consequently, (3.6)
converges a.s. to a nonrandom positive number, say, m. Therefore,

3.7) linjlvinfkminAN >m a.s.

Consider a realization in which (3.4),(3.5) and (3.7) hold and the empirical
distribution of (e, ..., k) converges weakly, where o € CL denotes the ran-
dom vector having distribution H. Let {N;} be a subsequence in which each
N~'te(C + azl)zz converges, say, to ag ¢ for £,¢" € {1,...,L}. Let A = (ag.¢)
and 6 =infy, Amin(Ay,) > 0. We have for z € CEL,

l21> 1
= 1+ Amin(A)l|z|? T 8
Therefore, by the dominated convergence theorem, along {N;},

>k

' 7Z
1+2z*Az

1 *
-1 P 1 +oajAay 1 +a*Aa
and since
zz* zz*
< —IIAN — Al
1+Z*ANZ 1+z*Az 1)
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we have by (3.5), along {N;},

oo™

1 +a*Aa’
So A satisfies (1.1). The next section shows that only one Hermitian positive defi-

nite A will satisfy this equation. With this fact we have, with probability one, Ay
converges to a nonrandom Hermitian positive definite L x L matrix A satisfy-

ing (1.1).

B —cE

4. Proof of uniqueness. Suppose A and A are two different L x L Hermitian
positive definite matrices satisfying (1.1). Then

~ Axo*Aa* (A — A)a
A—A=cE ~—
(1+a*Aa)(1 +a*Aa)

Multiplying A~!/2 on the left and A=1/2 on the right, we obtain
A 2qa* A2 (A — A)a
(14 a*Aa)(1 + a* Aa)
M (AV2A12 Z A-12 172)5
=cE ~
(I4+a*Ax)(1 +a*Aa)
where n = AY2q and 5 = Al24. Write n= vec(A/2A-1/2 — A=1/241/2) With
the aid of the Kronecker product, we can write the above equation as
@enG" ®@1%) "
(1 +a*Aa)(l +a*Aa)”

AV2E12 412512 — E

4.1

Using Lemma 2.6, we have

£ @ena’ @n) :CE[ [UA | }
(1+a*Aa)(1 + a*Aa) l+a*Aa  1+a*Aa
and, since u # 0, this matrix has an eigenvalue equal to 1. By Lemma 2.8, its
largest squared eigenvalue cannot be greater than

() o) |

m* o \? AV 2oqa* AV 2a* A
E(—1 ) —cE
¢ (l—i—a*Aa) (1 + o* Act)?

We have

and since
A1/2aa>x<Al/2 A1/20“x>1<Al/2‘x>1<A(x

1 +a*Aa (1 + a*Awx)?
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is nonnegative definite, we have
* 2 1/2 o A1/2
A A
E(L) L A faarAl
14+ o*Aa 1+ a*Aa
=AY (A7 =621 ) AV = 1, — 6% A,

the eigenvalues of which must all be less than one. The same result applies for the
other matrix involving A. Therefore, the matrix in (4.1) cannot have an eigenvalue
equal to one, a contradiction. So we conclude that there is only one Hermitian
positive definite solution to (1.1).

5. Convergence of iterations. Let f(A) denote the right-hand side of (1.1),
considered as a mapping of the set of Hermitian positive definite matrices, which
we will denote by #. Clearly f maps # into itself with largest eigenvalue not
larger than o ~2. We proceed in finding a positive » < o ~2 such that f maps

FH|b, 0_2] = {A € J{: all eigenvalues of A lie in [b, o2}
into itself. Notice from the dominated convergence theorem

2
alle| 2

a)=cE———— +aco
g@) 1+ afo|?

is continuous and nondecreasing for a € [0, o 2] with g(0)=0and g(o 2y > 1.
Therefore, there exists a € (0, o ~2] for which g(a) = 1. We claim a suitable b is
a/(c + 1). Indeed, suppose the eigenvalues of A € # are contained in [a/(c +
1),072]. If a = Amin(A) > @, then using the fact that |[EB|| < E||B|| for any ran-
dom matrix B,

Do (FL(A)) = 62 + ch (E wa* )
max - TN + ok Aa
2
<o?pepel”_ _lre _l+c
1 +alla|? a a
whereas if a € [a/(c + 1), a),
_ g(a) 1 c+1
)\maxf I(A)S___S ~
a a a

The claim is proven.
Let Ag € #[b,o %] and define recursively A,4+1 = f(A,). We have A, €
H[b, o 2] for all n, and for n > 1, as in Section 4,

1/2 1/2
A2 4=172 _ 4=12 4112 _CEAnérl““*A"/ a*(Ay — Ap—Da
+1“%n n+1 “*n  — .
" I+ a*Ay)(1+a*A, )

Letting

1/2
n—1°

H,=APA 12— A124
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we have

AV e Ay P AP H, AN @

(I+oa*A0)(1 +a*A,_100)

AV ot AP AL HE A e

I+a*Ao)(1 +a*A,—1a)

Hn+1 =cE

or in vector form,

~1/2 & 1/2 1/2 1/2

(A a® A, e A" ®@a*A,") .
vecH, 11 = [ E } vecH,
(1 +ct*A,,oz)(1 +a*A,_ 1)
B (1 +06*An—1)(1 +ot*Anot) "

using Lemma 2.6. Arguing the same way as in the previous section, we have by
Lemma 2.8,

1 2- 1 2 1/2 1 2
HcE[(A / X )®(A”/+loea /2 )}
(I+a*A,_ )+ a*A, oc)

- HCE Ay Paa* Ay Ay ‘CE A,llflaa*An—laa*A}lfl
- (I+a*A,—1a)(1 +a*A,a) (I+a*A—100)(1 + a*A,o)

1/2 A2 A2 A2
< et e dn || g Ao e
- l1+a*A,_1a l1+a*A,a

_ 1/2 1/2

= A2 A =PI AYIIAY (AL — 621 AN

=1L —o? Al Il — 02 Aps1l
< (1 -0%b)>.
Notice p =1 —02b € (0, 1). For n > 2, we therefore get
| Hy|l < |[VecHy || < o™ Y|vecH |,
and so
1Ay — A 1l = 1AV H, A2 | < 072 0" IvecH |,
which implies for m > n > 2,
IvecH |
S P
o2(1—p)

Therefore, {A,} is a Cauchy sequence, and hence, convergent to a matrix A €
H[b, c%]. From continuity of f, A satisfies (1.1).

n

[Am — Anll =
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6. Proofs of corollaries. For the first corollary we see that, under assump-
tion (1.2), f maps diagonal matrices consisting of positive diagonal elements into
diagonal matrices. Due to the uniqueness of solutions to (1.1), the proof amounts
to showing the existence of positive ay, ..., ay satisfying (1.1). This is achieved
by invoking Lemma 2.7. We simply take X = RZ, g the right-hand side of (1.3)
and 4 = [b, 0 ~2]L. The first statement in Corollary 1.1 follows.

For the second corollary, we follow along the argument toward the end of
Section 3. We see immediately that (3.7) holds. Consider a realization in which
(3.4), (3.5) and (3.7) hold, the empirical distribution of (lax (D3, ..., lex (D)),
2 <k < K, converges weakly to G, and (1.5) is true for all positive rational
ai, ...,ar. Then, for this realization, a simple continuity argument reveals (1.5)
true for all positive ap,...,ar. Moreover, the empirical distribution of oy,
2 <k <K, is tight. The subsequence {N;} considered can therefore also be one
in which the empirical distribution of e, 2 < k < K, converges weakly to, say,
H. The rest of the argument at the end of Section 3 leads to only one solution A
on {N;} satisfying (1.1). But, by the dominated convergence theorem, (1.2) holds
for all positive ay, ..., ar . Thus, from Corollary 1.1, A is diagonal satisfying (1.3),
which depends only on G. Thus, Corollary 1.2 follows.

7. Question of uniformity. Let

1 K
o= (St )
Jj=
Then

1 _ 1 _
SIR; = Nﬁz(ck +o2)7'B, = 5 Y k(O (L)sg(Cr+ 021 s
L0

represents user k’s best signal-to-interference ratio. We are interested in knowing
what conditions are needed to insure
1

- - AN 27\—1 _ ,
ir;a;{c N %;Olk(f)ak(f )(SE(Cr + o 1)y Sk ag.e)| — a.s.

Clearly nothing can be concluded without assuming bounds or some growth
rate on the a4 (£)’s along with knowledge of the rate of convergence of the
(1/N)s;(Cr + o2l )Z}Z/Sk ’s. The latter is tied closely with its limiting distributional
behavior, which will be investigated in later work. For now we will confine the
analysis to providing conditions to ensure for any ¢, ¢/,

(7.1) max INT'S;(Ch+ 02 D) psk —agel >0 as.

as N — oo.
We have the following:
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THEOREM 7.1. If, in addition to the conditions in Theorem 1.1, E|s11 |* < o0,
or if the doubly infinite array assumption is dropped, E|s11|® < oo, then (1.1) is
true.

PROOF. Foreach k < K, let §; denote the vector obtained after truncating and
centralizing sg, the same way as s;. Each C; remains unchanged. We have
INTISE(Cr+ 02D sk — N7U§((Cr+ 02D il
271 <2 <
<o "N (lIsk — skl + 2lIsklllIsx — sklD-

By Lemma 2.11, (X1 = Isi1]2, a = B = 1) under the double array assumption,
or, for nondouble array, Lemma 2.10 (X1 = |s11 |2, t = 3) together with Boole’s
inequality, we follow the steps in the beginning of Section 3 and find, almost surely,

lim supmax [N~ |isg]|2 — 1] =0
N k<K

and

lim supmax N ! ||sx — §||> = 0.
N k<K

Letting 8¢ =S/ (E|511 [2)1/2 it follows that, almost surely,

max N~ Is{ (i + 02 1), sk = 8(C +0° 1) 8¢l — 0

as N — oo. Applying Lemma 2.9 for any p > 4, we have then

ina;{c N1 |sj; (Cx + azl)zz,sk —tr(Cr + azl)zllg,l -0 a.s.
< . ,

as N — oo. For any k, k’, with two applications of Lemma 2.1, we find (with
A=1py)

NNte(Cr + 021y —tr(Cp + 02D | <20 2N~

Thus, the remainder of the proof of Theorem 1.1 proceeds exactly as in Section 3,
and we get (7.1). O
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